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THERMODYNAMIC FORMALISM AND THE ENTROPY AT
INFINITY OF THE GEODESIC FLOW
ANIBAL VELOZO
Abstract. In this paper we study the ergodic theory and thermodynamic for-
malism of the geodesic flow on non-compact pinched negatively curved man-
ifolds. We consider two notions of entropy at infinity, the topological and
the measure theoretic entropy at infinity. We prove that both notions coin-
cide and we relate this quantity with the upper semicontinuity of the entropy
map. This relationship was already studied in [RV] for geometrically finite
manifolds; in this paper we extend such results to arbitrary pinched negatively
curved manifolds. We obtain several applications to the existence and stability
of equilibrium states. Our approach has the advantage to include certain uni-
formly continous potentials, a situation that can not be studied through the
methods from [PPS]. Of particular importance are potentials that vanish at
infinity and those that satisfy a critical gap condition, that is, strongly positive
recurrent potentials. We also prove some equidistribution and counting results
for closed geodesics (beyond the geometrically finite case). In particular we
obtain a version of the prime geodesic theorem for strongly positive recurrent
manifolds.
1. Introduction
In this paper we will study the ergodic theory and the thermodynamic formalism
of the geodesic flow on non-compact pinched negatively curved manifolds. In order
to put our results into context we start with a brief discussion on what is known
in the compact case, which is better understood than the non-compact case and
motivates a large part of the results in this paper.
By the work of Bowen [B5] and Ratner [Ra1], we know that the geodesic flow on
a compact negatively curved manifold can be modelled as a suspension flow over
a sub-shift of finite type. This symbolic representation has many important con-
sequences for the thermodynamic formalism of Ho¨lder potentials: the topological
pressure can be computed using a weighted sum over the periodic orbits, the equi-
librium states are unique and satisfy the Gibbs property, the central limit theorem
holds, and large deviation estimates are available (see [B6], [Ra2], [Pol]). Another
important property of the geodesic flow on a compact negatively curved manifold is
the upper semicontinuity of the entropy map [B1]. In the compact case the upper
semicontinuity of the entropy map implies the existence of a measure of maximal
entropy. In the same context, the measure of maximal entropy was constructed
independently by Margulis [Mar] and Bowen [B5].
Unfortunately, if the ambient manifold is non-compact then most of this dis-
cussion does not apply: we do not have at our disposal a symbolic representation,
and the proof of the upper semicontinuity of the entropy map does not work. Let
me be a bit more precise about these two technical difficulties. First, in the study
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of non-compact manifolds we are often interested in situations where the injectiv-
ity radius is not bounded below (for instance in the presence of ‘cusps’)–this is a
very problematic issue when trying to extend the symbolic model of Bowen and
Ratner to the non-compact case. Second, the proof of the upper semicontinuity
of the entropy map is based on two hypotheses: the compactness of the ambient
space, and that the dynamical system is expansive (or some weaker assumption
like h-expansive, or asymptotically h-expansive). If one removes the compactness
assumption then the upper semicontinuity of the entropy map does not necessarily
hold, even when the dynamical system is expansive. As an example, consider the
full shift on a countable (infinite) alphabet. In this case, the entropy map is not
upper semicontinuous at any measure of finite entropy.
Fortunately it is not all bad news: in a recent work Paulin, Pollicott and Schapira
[PPS] were able to extend many of the results known to hold for Ho¨lder potentials
on compact negatively curved manifolds to the non-compact case; this generalizes
the substantial work of Roblin [Rob]. More precisely, they proved the uniqueness of
equilibrium states and the equivalence between the topological pressure, the Gure-
vich pressure, and the critical exponent for Ho¨lder potentials (see Theorem 2.10). A
very good complement to [PPS] is the recent paper of Pit and Schapira [PS] where
they provided a strong criterion for the existence of equilibrium states for Ho¨lder
potentials; in particular for the existence of the measure of maximal entropy for
the geodesic flow. In this work we will continue the study of the thermodynamic
formalism of Ho¨lder potentials, but we will also be interested in (uniformly) con-
tinuous potentials. In the continuous category the techniques developed in [PPS]
do no apply.
It worth mentioning that Sullivan [Sul] constructed an invariant measure that
whenever finite is the unique measure of maximal entropy, up to normalization (see
[OP]); the so-called Bowen-Margulis-Sullivan measure (BMS measure for short).
We emphasize that in the non-compact case the BMS measure can be infinite, in
which case there is no measure of maximal entropy. For instance, any infinite normal
cover of a compact manifold has infinite BMS measure. Peigne´ [Pei] constructed
geometrically finite manifolds with infinite BMS measure.
Before stating some of the main results of this paper let us introduce some
notation. The dynamical system of interest will always be the geodesic flow on
a pinched negatively curved manifold. In particular, whenever we say ‘invariant
measure’, we mean ‘non-negative Borel measure invariant by the geodesic flow’.
The measure theoretic entropy of an invariant probability measure µ is denoted by
hµpgq. We say that pµnqn converges vaguely to µ if for every compactly supported
continuous function f we have that limnÑ8
ş
fdµn “
ş
fdµ. Similarly, we say that
pµnqn converges in the weak* topology to µ if for every bounded continuous function
f we have that limnÑ8
ş
fdµn “
ş
fdµ. Since M is non-compact, the vague limit
of a sequence of probability measures might not be a probability measure. In other
words, a sequence of probability measures might lose mass. The mass of a measure
µ is the number µpT 1Mq, and it is denoted by |µ|. A standing assumption in this
paper is that pM, gq is non-elementary (see Section 2.3), we will assume this is the
case from now on. A fundamental quantity in this paper is the topological entropy
at infinity of the geodesic flow (see Definition 4.9), which we denote by δ8. The
following result is proved in Section 4.
THERMODYNAMIC FORMALISM AND THE ENTROPY AT INFINITY OF THE GEODESIC FLOW3
Theorem 1.1 (=Theorem 4.11). Let pM, gq be a pinched negatively curved mani-
fold. Let pµnqn be a sequence of invariant probability measures converging to µ in
the vague topology. Then
lim sup
nÑ8
hµnpgq ď |µ|hµ{|µ|pgq ` p1´ |µ|qδ8.
If the sequence converges vaguely to the zero measure, then the right hand side is
understood as δ8.
A simple consequence of Theorem 1.1 is the upper semicontinuity of the en-
tropy map. A result similar to Theorem 1.1 was previously obtained by Einsiedler,
Kadyrov and Pohl in the context of homogeneous dynamics (see [EKP]). Later on,
Kadyrov and Pohl proved that the formula obtained in [EKP] is sharp (see [KP]).
In a joint work with F. Riquelme, we adapted the methods used in [EKP] to obtain
Theorem 1.1 for geometrically finite manifolds (see [RV]). In this paper we extend
the results from [RV] to arbitrary pinched negatively curved manifolds.
In the geometrically finite case there exists a compact set that intersects every
closed geodesic–this is a crucial fact used in [RV]. On the other hand, if M is not
geometrically finite, then there exists a sequence of closed geodesics that escape
every compact subset ofM . This result was recently obtained by Kapovich and Liu,
generalizing a famous result of Bonahon in the context of hyperbolic 3-manifolds
(see [KL] and [Bon]). The existence of closed geodesics escaping every compact set
is an obstruction to be able to run the strategy used in [RV]. To overcome this
difficulty we will proceed in two steps. We first assume that the measures pµnqn
are ergodic and give positive mass to a fixed compact subset of T 1M . Under these
assumptions we can prove an estimate similar to Theorem 1.1, where instead of δ8
we have some constant that depends on the compact subset (see Proposition 4.3).
We then use the weak entropy density of the geodesic flow (see Definition 2.6) to
obtain Theorem 1.1. The way we partition our space is also different from the ones
used in previous works. We consider a partition with more dynamical meaning than
those in [EKP] or [RV]; we decompose our space using return times to a compact
piece.
The strategy used to prove Theorem 1.1 applies to a larger class of dynamical
systems, in particular to the geodesic flow on non-positively curved rank one man-
ifolds and countable Markov shifts of finite topological entropy. For completeness
we prove a more general result than Theorem 1.1 which emphasizes the main hy-
potheses we need to verify in order to obtain similar bounds (see Theorem 4.2). In
a joint work with G. Iommi and M. Todd we have successfully used these methods
to understand the entropy map of countable Markov shifts with finite topological
entropy (see [ITV]).
The topological entropy at infinity has a measure theoretic counterpart; this is
what we call the measure theoretic entropy at infinity. Since its definition does not
require to introduce a lot of notation we provide it here. The measure theoretic
entropy at infinity of the geodesic flow is defined as
h8 “ sup
pµnqn
lim sup
nÑ8
hµnpgq,
where the supremum runs over sequences of invariant probability measures con-
verging vaguely to the zero measure. We emphasize that this definition make sense
for any dynamical system on a locally compact metric space. We will prove a type
of variational principle for the entropy at infinity.
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Theorem 1.2 (=Theorem 4.17). The topological entropy at infinity is equal to the
measure theoretic entropy at infinity. In other words δ8 “ h8.
In the context of the geodesic flow the measure theoretic entropy at infinity was
introduced in [IRV] and proved to be equal to the topological entropy at infinity for
extended Schottky manifolds via symbolic methods. This result was later extended
to cover all geometrically finite manifolds in [RV]. In the context of countable
Markov shifts the entropy at infinity was already studied by Ruette [Rue] and
Buzzi [Bu2].
In this paper we will constantly refer to (bounded) real valued functions with
domain T 1M as ‘potentials’; this is a standard convention in thermodynamic for-
malism. The topological pressure of a potential F is the quantity
P pF q “ sup
µPMpgq
thµpgq `
ż
Fdµu,
where the supremum runs over the space of invariant probability measures Mpgq.
An invariant probability measure satisfying P pF q “ hµpgq `
ş
Fdµ, is called an
equilibrium state for the potential F .
We denote by C0pT
1Mq the space of continuous potentials vanishing at infinity
(see Definition 2.19). Among potentials vanishing at infinity we will be particularly
interested in strongly positive recurrent potentials (SPR for short); those are po-
tentials satisfying the critical gap condition P pF q ą δ8 (for the general definition
of SPR potentials see Definition 2.15).
One of the main features of SPR potentials is part (1) in our next result–in the
compact case this is an immediate consequence of the upper semicontinuity of the
entropy map. Parts (2) and (3) exhibit some big differences between the compact
and the non-compact situation.
Theorem 1.3 (=Theorem 5.10). Let F P C0pT
1Mq be a potential that vanishes at
infinity. Let pµnqn be a sequence of invariant probability measures such that
lim
nÑ8
`
hµnpgq `
ż
Fdµn
˘
“ P pF q.
Then the following statements hold.
(1) If F is SPR, then every convergent subsequence (in the vague topology)
of pµnqn converges in the weak* topology to an equilibrium state of F . If
F is Ho¨lder continuous then pµnqn converges in the weak* topology to the
equilibrium state of F .
(2) Suppose that F does not admit any equilibrium state. Then pµnqn converges
vaguely to the zero measure. In this case we have P pF q “ δ8.
(3) Suppose that F does admit an equilibrium state. Then the accumulation
points of pµnqn lies in the set
ttµ : t P r0, 1s and µ is an equilibrium state of F u.
This result was obtained in [Ve1] in the context of geometrically finite manifolds
and in [GS] for countable Markov shifts with finite range potentials. We emphasize
that we require no higher regularity on F than continuity (for F P C0pT
1Mq this
implies uniform continuity). Theorem 1.3 gives a characterization of SPR poten-
tials: a potential F P C0pT
1Mq is SPR if and only if every sequence of measures
satisfying the hypothesis of Theorem 1.3 does not converge vaguely to the zero
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measure. Theorem 1.3 also implies that a SPR potential admits an equilibrium
state.
For Ho¨lder SPR potentials we can compute the first derivative of the pressure
(see Theorem 5.12) and prove the continuity of equilibrium states (see Theorem
5.13). We will prove in Section 5.3 that SPR potentials are open and dense in
C0pT
1Mq. That is, most potentials in C0pT
1Mq are similar to those in compact
negatively curved manifolds.
The relationship between the upper semicontinuity of the entropy map and large
deviations is well understood in the compact case (see [Kif], [Pol]). In Section 6 we
use this relationship to obtain some equidistribution results we proceed to explain.
A periodic orbit of the geodesic flow γ determines an invariant probability mea-
sure µγ . The length of γ is denoted by lpγq. Let W be an open relatively compact
subset of T 1M that intersects the non-wandering set of the geodesic flow. Define
MppW, tq “ tµγ : γ a periodic orbit such that lpγq ď t and µγpW q ą 0u.
Theorem 1.4 (=Theorem 6.12). Let F P C0pT
1Mq be a Ho¨lder SPR potential
such that P pF q ą 0. Then the sequence of measures (parametrized by t)
1ř
µγPMppW,tq
expplpγq
ş
Fdµγq
ÿ
µγPMppW,tq
expplpγq
ż
Fdµγqµγ ,
converges to the equilibrium state of F in the weak* topology as t goes to infinity.
We finish with a counting result for closed geodesics intersecting a compact piece
of T 1M . For F “ 0 this was proven by Margulis [Mar] in the compact case, and
by Roblin [Rob] when M is geometrically finite. Our result should be compared
[PPS, Corollary 1.7], where Roblin’s result was extended to include arbitrary Ho¨lder
potentials. In Theorem 1.5 we are able to obtain a result beyong the geometrically
finite setting, but under certain assumptions on the potential. The believe the
assumption F P C0pT
1Mq can be removed; this would be the case if Conjecture 5.5
holds. We point out that [PPS, Corollary 1.7] does not require F to be SPR, nor in
C0pT
1Mq, but only works for geometrically finite manifolds (where the geometry
of the ends of the non-wandering set can be controlled). We write aptq „ bptq if
limtÑ8 aptq{bptq “ 1.
Theorem 1.5 (=Theorem 6.15). Assume that the geodesic flow is topologically
mixing. Let F P C0pT
1Mq be a Ho¨lder SPR potential such that P pF q ą 0. Thenÿ
µγPMppW,tq
elpγq
ş
Fdµγ „
eP pF qt
P pF qt
,
for every open relatively compact subsetW Ă T 1M that intersects the non-wandering
set of the geodesic flow.
We say that pM, gq is strongly positive recurrent (SPR for short) if htoppgq ą δ8
(where htoppgq is the topological entropy of the geodesic flow). This definition was
coined in [ST] and fits perfectly within the analogy between the geodesic flow and
countable Markov shifts. It worth pointing out that every hyperbolic geometrically
finite manifold is SPR. A direct application of Theorem 1.5 is the following.
Theorem 1.6 (=Corollary 6.16). Let pM, gq be strongly positive recurrent and
assume its geodesic flow is topologically mixing. LetW be an open relatively compact
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subset intersecting the non-wandering set of the geodesic flow. Then
#tγ primitive periodic orbit | lpγq ď t and γ XW ‰ Hu „
ehtoppgqt
htoppgqt
.
This is a version of the prime geodesic theorem for strongly positive recurrent
manifolds. We emphasize that even within the class of strongly positive recurrent
manifolds it might happen that
Mpptq “ tµγ : γ a periodic orbit such that lpγq ď tu,
has infinitely many elements. In particular it is meaningless to count all closed
geodesics of length at most t (see Example 6.17).
Organization of the paper. In Section 2 we recall some basic facts about measure
theory, entropy theory and negatively curved manifolds. Of particular importance
is Section 2.4 where we recall what is known about the thermodynamic formalism
of the geodesic flow and introduce the important class of strongly positive recurrent
potentials. In Section 3 we prove the weak entropy density and a mild modification
of the simplified entropy inequality for the geodesic flow. In Section 4.1 we prove an
abstract result in the spirit of Theorem 1.1 and in Section 4.2 we establish Theorem
1.1. In Section 4.3 we prove Theorem 1.2–the variational principle at infinity of the
geodesic flow. In Section 5 we apply the results obtained in previous sections to the
existence and stability of equilibrium states. In Section 6 we prove the Theorem
1.4 and Theorem 1.5.
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2. Preliminaries
In this section we collect some important facts about the geodesic flow on a
pinched negatively curved manifolds. The definitions and facts given in this section
will be constantly used in following sections. Since the spaces of interest for this
paper are non-compact we need to be careful with the spaces of invariant probability
measures that we use (it is a technically unpleasant to restrict all our attention to
the space of invariant probability measures, which is non-compact). We start by
making explicit the spaces of measures that we will use, and their topologies.
2.1. Measure theory. Let pX, dq be a locally compact metric space and T : X Ñ
X , a continuous map. In this paper whenever we say measure we mean a non-
negative countably additive Borel measure. The mass of a measure is the num-
ber µpXq and it is denoted by |µ|. We say that a measure µ is T -invariant if
µpT´1Aq “ µpAq, for every Borel set A. We denote by MpX,T q the space of
T -invariant probability measures on X and Mď1pX,T q the space of T -invariant
measures such that |µ| P r0, 1s (we also refer to them as sub-probability measures).
Clearly MpX,T q Ă Mď1pX,T q. We endow the space CbpXq (resp. CcpXq) of
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bounded (resp. compactly supported) continuous functions with the uniform norm
||f ||0 “ supxPX |fpxq|. We endow MpX,T q with the weak* topology: a sequence
pµnqn converges weakly to µ if for every f P CbpXq we have
lim
nÑ8
ż
fdµn “
ż
fdµ.
In a similar way we endow Mď1pX,T q with the vague topology: a sequence pµnqn
converges vaguely to µ if for every f P CcpXq we have
lim
nÑ8
ż
fdµn “
ż
fdµ.
If there exists a compact exhaustion of X , that is, an increasing sequence pKnqn of
compact sets such that X “
Ť
ně1Kn, then the space CcpXq is separable. In this
case consider a dense subset pfnqn of the unit ball of CcpXq. We define a metric ρ
on Mď1pX,T q by the formula
ρpµ1, µ2q “
ÿ
ně1
1
2n
|
ż
fdµ1 ´
ż
fdµ2|.
This metric is compatible with the vague topology. By Banach-Alaoglu theorem we
know that Mď1pX,T q is a compact metric space. If X is a non-compact manifold,
then X admits a compact exhaustion, and therefore this discussion applies to that
case. The connection between this two topologies is given by the following simple
fact (see [Kle, Theorem 13.16]).
Theorem 2.1. Let X be a locally compact metric space. Then for a sequence
pµnqn ĂMpX,T q the following statements are equivalent.
(1) pµnqn converges to µ in the weak* topology.
(2) pµnqn converges to µ in the vague topology and µ is a probability measure.
Theorem 2.1 tells us that the only obstruction to converge in the weak* topology
is the possible escape of mass.
2.2. Entropy theory. This theory provides tools to measure the complexity of a
dynamical system. In this paper we will be mainly interested in the following two
notions of entropy.
2.2.1. Topological entropy. Let pX, dq will be a metric space and T : X Ñ X , a
continuous map. We define the dynamical metrics pdnqn given by the formula:
dnpx, yq “ max
iPt0,...,n´1u
dpT ix, T iyq.
For a flow pTtqt we define
dtpx, yq “ max
sPr0,ts
dpTsx, Tsyq.
We denote by Bnpx, rq to the ball centered at x of radius r in the metric dn. A ball
Bnpx, rq is also called a pn, rq-dynamical ball. Given a compact subset K of X we
denote by NpK,n, rq to the minimum number of pn, rq-dynamical balls needed to
cover K. The topological entropy of pX, d, T q is defined as
hdpT q “ sup
KĂX
lim
rÑ0
lim
nÑ8
1
n
logNpK,n, rq,
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where the last limit runs over compact subsets of X . This definition was first intro-
duced by R. Bowen in [B1] as a way to extend the classical definition of topological
entropy on compact spaces to the non-compact setting.
2.2.2. Measure theoretic entropy. Given a countable measurable partition P “
tPiuiPI of X we define the entropy of P as
HµpPq “ ´
ÿ
iPI
µpPiq logµpPiq.
Given two partitions P and Q we can construct the smallest common refinement
of P and Q, this is denoted by P _Q. Define
hµpT,Pq “ lim
nÑ8
1
n
Hp
nł
i“0
T´iPq.
By taking the supremum over all countable partitions of finite entropy we obtain
the entropy of T with respect to µ, this is denoted by hµpT q. In other words
hµpT q “ sup
P
hµpT,Pq,
where the supremum runs over all countable partitions of finite entropy.
Definition 2.2 (Entropy map). Given a dynamical system pX, d, T q we refer to
the map µ ÞÑ hµpT q, as the entropy map.
For a flow pTtqt the measure theoretic entropy of µ is always computed for the
time one map.
2.2.3. Katok’s entropy formula. The topological entropy and the measure theoretic
entropy seem, at first, a bit unrelated. The following theorem provides a very strong
connection between them–it helps to understand the measure theoretic entropy in
the spirit of the topological entropy.
Theorem 2.3. Let pX, dq be a compact metric space and T : X Ñ X, a continuous
transformation. Let µ be an ergodic T -invariant probability measure and δ P p0, 1q.
Then
hµpT q “ lim
rÑ8
lim inf
nÑ8
1
n
logNµpn, r, δq,
where Nµpn, r, δq is the minimum number of pn, rq-dynamical balls needed to cover
a set of µ-measure at least 1 ´ δ. In particular the limit above is independent of
δ P p0, 1q.
This result was proven by A. Katok in [Kat]. If one follows the proof of Theorem
2.3 (see [Kat, Section 1]), it is clear that the inequality
hµpT q ď lim
rÑ8
lim inf
nÑ8
1
n
logNµpn, r; δq,
holds regardless of the compactness of X . For most of our purposes this inequality
will be enough. Recently F. Riquelme [Riq] proved that equality holds if X is a
topological manifold and T a Lipschitz map. More precisely we have the following
result.
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Theorem 2.4. Let pX, dq be a metric space and T : X Ñ X a continuous trans-
formation. Then for every ergodic T -invariant probability measure µ we have
hµpT q ď lim
rÑ8
lim inf
nÑ8
1
n
logNµpn, r, δq,
where Nµpn, r, δq as in Theorem 2.3. If we moreover assume that pX, dq is a topo-
logical manifold and T is Lipschitz, then the equality holds.
The following two definitions will be of great importance in this paper.
Definition 2.5 (Simplified entropy formula). We say that pX, d, T q satisfies a
simplified entropy formula if there exists ǫ0 ą 0 such that for every ǫ P p0, ǫ0q, for
every ergodic probability measure µ and δ P p0, 1q we have
hµpT q “ lim sup
nÑ8
1
n
logNµpn, ǫ, δq.
We say that pX, d, T q satisfies a simplified entropy inequality if there exists ǫ0 ą 0
such that for every ǫ P p0, ǫ0q, for every ergodic probability measure µ and δ P p0, 1q
we have
hµpT q ď lim sup
nÑ8
1
n
logNµpn, ǫ, δq.
Definition 2.6 (Weak entropy dense). We say that the space of ergodic measures
is weak entropy dense in MpX,T q if the following holds: for every µ P MpX,T q
and η ą 0 there exists a sequence pµnqn of ergodic measures satisfying
(1) pµnqn converges in the weak* topology to µ
(2) For every n P N we have hµnpT q ą hµpT q ´ η.
We also refer to this property by saying that pX, d, T q is weak entropy dense.
We will prove in Section 3 that the geodesic flow on a pinched negatively curved
manifold satisfies a mild modification of the simplified entropy inequality and that
its ergodic measures are weak entropy dense.
2.3. Structure of negatively curved manifolds. From now on we will assume
that pM, gq is a complete Riemannian manifold of negative sectional curvature.
We will moreover assume that Kg P r´a,´bs, for some a, b ą 0, where Kg is the
sectional curvature of M . We refer to a manifold satisfying those properties as a
pinched negatively curved manifold.
The unit tangent bundle of M is defined as T 1M “ tv P TM : ||v||g “ 1u. Since
pM, gq is complete, the geodesic flow on T 1M is well defined for all times; we denote
it by pgtqtPR. The Riemannian metric g makes M into a metric space, the induced
distance function (shortest path distance) is denoted by d. Let π : T 1M Ñ M be
the canonical projection. We define a metric on T 1M–which we still denote by d–in
the following way
dpx, yq “ max
tPr0,1s
dpπgtpxq, πgtpyqq,(1)
for every x, y P T 1M . We emphasize that this is the metric used in all the statement
about the geodesic flow (but other possible candidates of metrics are usually Ho¨lder
equivalent to d, at least in the pinched negatively curved case, see [PPS, Section
2.3]).
The space of invariant probability (resp. sub-probability) measures of the ge-
odesic flow is denoted by Mpgq (resp. Mď1pgq). As explained in Section 2.1 we
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endow Mď1pgq with the vague topology and Mpgq with the weak* topology. The
topological entropy of the geodesic flow is denoted by htoppgq.
The universal cover of M is denoted by ĂM and its visual boundary by B8ĂM .
The space ĂM Y B8ĂM is called the Gromov compactification of ĂM and it is homeo-
morphic to a closed ball. The projection map T 1ĂM Ñ ĂM is still denoted by π. We
denote by IsopĂMq the group of isometries on ĂM . It is well known that every isom-
etry of ĂM extends to a homeomorphism of B8ĂM and that the fundamental group
of M acts (via Deck transformations) isometrically, freely and discontinuously onĂM . After fixing a reference point we identify π1pMq with a subgroup Γ ă IsopĂMq.
The limit set of Γ–which we denote by LpΓq–is the set of accumulation points in
B8ĂM of the orbit of a point x P ĂM under Γ. We say that Γ is non-elementary, if
it is not generated by one hyperbolic element, nor a parabolic subgroup (see [Bow]
for several characterizations of this property).
Standing assumption: In this paper Γ will always be assumed to be non-
elementary.
In this case LpΓq is the minimal closed Γ-invariant subset of B8ĂM and #LpΓq ą
2. Let Ω Ă T 1M be the non-wandering set of the geodesic flow. It worth point-
ing out that Ω concentrates all the dynamics of the geodesic flow. By Poincare´
recurrence, Ω contains the support of all the invariant probability measures of the
geodesic flow. In this paper we will be mostly interested in the case that Ω is
non-compact. We use the notation rΩ :“ p´1pΩq for the preimage of Ω under
p : T 1ĂM Ñ T 1M . If Ω is compact, then we say that M is convex-cocompact. We
say that M is geometrically finite if LpΓq is union of bounded parabolics and radial
limit points (for a precise definition see [Bow]). As mentioned in the introduction
it was recently proved that M is geometrically finite if and only if there exists a
compact set K ĂM that intersects all closed geodesics [KL].
2.4. Thermodynamic formalism. We start with the definition of the topological
pressure of a potential. In this paper we will only deal with the case when F is
bounded; this is not essential but makes some statements easier to write.
Definition 2.7 (Topological pressure). Let F : T 1M Ñ R be a (bounded) contin-
uous potential. We define the topological pressure of F as
P pF q “ sup
µPMpgq
thµpgq `
ż
Fdµu.
A measure µ P Mpgq satisfying P pF q “ hµpgq `
ş
Fdµ, is called an equilibrium
state for the potential F . For compact dynamical systems there is a well known
relation–the variational principle–between the topological pressure of a continuous
potential and a weighted version of the topological entropy (see [Wal, Chapter 9]).
Similar to the definition of the measure theoretic entropy at infinity (defined in the
introduction) we have the following more general definition.
Definition 2.8 (Measure theoretic pressure at infinity). We define the measure
theoretic pressure at infinity of F P CbpT
1Mq–which we denote by P8pF q–by the
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formula
P8pF q “ sup
pµnqnÑ0
lim sup
nÑ8
`
hµnpgq `
ż
Fdµn
˘
,
where the supremum runs over sequences pµnqn that converges vaguely to the zero
measure.
It turns out that the topological pressure of a Ho¨lder potential has a nice char-
acterization in terms of some critical exponent. Moreover, with Ho¨lder regularity
there exists at most one equilibrium state. Before making precise those results we
start with some notation. Given two points x, y P ĂM , we denote by rx, ys the ori-
ented geodesic segment starting at x and ending at y. For a function G : T 1ĂM Ñ R,
we use the notation
şy
x
G to represent the integral of G over the tangent vectors
to the path rx, ys (in direction from x to y). Given a potential F : T 1M Ñ R,
we denote by rF : T 1ĂM Ñ R the function rF “ F ˝ p, where p is the canonical
projection p : T 1ĂM Ñ T 1M . The following definition was introduced in [PPS] (a
similar definition was used earlier in [Cou]).
Definition 2.9. Let F be a continuous potential and rF its lift to T 1ĂM . Define the
Poincare´ series associated to pΓ, F q based at z P ĂM as
P ps, F q “
ÿ
γPΓ
exp
ˆż γz
z
p rF ´ sq˙.
The critical exponent of pΓ, F q is
δFΓ “ infts | P ps, F q is finiteu.
We say that the pair pΓ, F q is of convergence type if P pδF
Γ
, F q ă 8, in other words,
the Poincare´ series converges at its critical exponent. Otherwise we say pΓ, F q is
of divergence type.
We use the notation δΓ to denote the critical exponent of pΓ, 0q, where 0 is the
zero potential. If F is a Ho¨lder potential, then the critical exponent does not depend
on the base point z. We also remark that if F is bounded, then δF
Γ
is finite. We
next state one of the main results in [PPS], which is a crucial input in this work.
Theorem 2.10. [PPS, Theorem 2.3] Let F be a bounded Ho¨lder potential. Then
P pF q “ δFΓ .
Moreover, there exists at most one equilibrium state of F .
Remark 2.11. It follows from the continuity of P pF q and δF
Γ
under C0 limits of
potentials and the density of Ho¨lder potentials among uniformly continuous func-
tions, that Theorem 2.10 also holds for uniformly continuous potentials (the same
idea is employed in the proof of Lemma 2.16). In other words, the critical expo-
nent of a uniformly continuous potential is equal to its topological pressure defined
through the variational principle. This fact will be frequently used in this paper.
If pΓ, F q is of convergence type, then F does not have an equilibrium state. If
pΓ, F q is of divergence type, then it is possible to construct a measure mF that
whenever finite (and normalized to be a probability measure), it is the equilibrium
state of the potential F . We refer to the measure mF as the Gibbs measure as-
sociated to F (for its construction we refer the reader to [PPS]). We remark that
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Theorem 2.10 was obtained by Otal and Peigne in the case F “ 0 (see [OP]).
The proof of Theorem 2.10 follows very closely the proof of [OP, Theorem 1]. The
equality between the topological entropy and the critical exponent of the group was
obtained by Manning in the compact case (see [Man]).
We will now explain the main results in [PS], where a characterization for the
existence of equilibrium states is provided. Given rU Ă ĂM we define Γ rU as the set
of elements in Γ such that there exists a geodesic starting at rU and finishing at γ rU
that only meet ΓrU at the beginning and at the end of its trajectory. More precisely
we have
Γ rU “ tγ P Γ : Dy, y1 P rU, ry, γy1s X g rU ‰ Hñ rU X g rU ‰ H, or γ rU X g rU ‰ Hu.
Let P be the set of closed geodesics and nU ppq the number of times a geodesic p P P
crosses U “ πprU q. Recall that rΩ “ p´1pΩq is the preimage of the non-wandering
set under p : T 1ĂM Ñ T 1M .
Definition 2.12. A Ho¨lder potential F : T 1M Ñ R is said to be recurrent if there
exists an open relatively compact subset U ĂM , such that T 1U X Ω ‰ H, andÿ
pPP
nU ppq expp
ż
p
F ´ P pF qq “ 8.
Definition 2.13. We say that the pair pΓ, rF q is positive recurrent with respect torU Ă ĂM if the following properties hold.
(1) T 1 rU has non-empty intersection with rΩ.
(2) F is a recurrent potential.
(3) There exists x P ĂM such that řγPΓĂU dpx, γxq exppşγxx rF ´ P pF qq, is finite.
Theorem 2.14. [PS, Theorem 2] Let F be a Ho¨lder potential with finite pressure.
Then
(1) If F is recurrent and pΓ, rF q is positive recurrent with respect to some open
relatively compact set rU Ă ĂM , then mF is finite.
(2) If mF is finite, then F is recurrent and pΓ, rF q is positive recurrent with
respect to any open relatively compact set rU Ă ĂM meeting the projection ofrΩ to ĂM .
To introduce the class of strongly positive recurrent potentials we will need some
additional definitions. Let Q Ă T 1ĂM be a compact subset and W Ă T 1ĂM an open
relatively compact subset such thatW X rΩ ‰ H. Let D P N. Given n P NXr2D,8q
we define
ΓWQ pn,Dq “ tγ P Γ : Dx PW X
rΩ such that gspxq P pΓQqc, for s P rD,n´Ds
and gupxq P γW, for some u P pn´ 1, nsu.
Then define ΓWQ pDq “
Ť
ně2D Γ
W
Q pn,Dq. Observe that if Q1 Ă Q2, then it follows
from the definition that ΓWQ2pDq Ă Γ
W
Q1
pDq.
Definition 2.15 (Strongly positive recurrent potentials). Let W and Q be subsets
of T 1ĂM as above, and F P CbpT 1Mq a uniformly continuous potential. We define
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δF
Γ
pQ,W,Dq as the critical exponent of the Poincare´ series
P pF,Q,W,D, sq “
ÿ
γPΓWQ pDq
expp
ż γx
x
rF ´ sq.
Then define
δFΓ,8 “ inf
pQnqn
inf
n
sup
D
δFΓ pQn,W,Dq,
where the infimum runs over sequences of compact sets pQnqn satisfying Qn Ă
Qn`1, and Ω Ă pp
Ť
nQnq. The quantity δ
F
Γ,8 is called the critical exponent at
infinity of the potential F . We say that F is strongly positive recurrent (SPR for
short) if δF
Γ,8 ă δ
F
Γ
.
Implicit in the definition of the critical exponent at infinity of F is the indepen-
dence on the base point x P ĂM and on the open relatively compact set W Ă T 1ĂM .
We will explain those facts in Claim 1 and Claim 2.
Claim 1: δF
Γ
pQ,W,Dq is independent on the base point.
If F is Ho¨lder continuous then the critical exponent of the Poincare´ series of pΓ, F q
is independent of the base point (see [PPS, Lemma 3.3]; this is a simple application
of Lemma 2.17). The same proof applies to the Poincare´ series P pF,Q,W,D, sq.
This gives us that δF
Γ
pQ,W,Dq is well defined and independent of the base point if
F is Ho¨lder continuous. In Lemma 2.16 we prove that the same holds for uniformly
continuous potentials, that is, for those potentials δF
Γ
pQ,W,Dq is well defined (an
analogous result holds for δF
Γ
).
Lemma 2.16. Let F be a bounded uniformly continuous potential. Then the critical
exponent of P pF,Q,W,D, sq is independent of the base point used in Definition
2.15. In particular δF
Γ
pQ,W,Dq is well defined. Similarly, δF
Γ
is well defined an
independient of the base point.
Proof. To keep track of the base point we define
P pG,Q,W,D, s;xq “
ÿ
γPΓW
Q
pDq
expp
ż γx
x
rG´ sq.
The critical exponent of P pG,Q,W,D, s;xq is denoted by δF
Γ
pQ,W,D;xq. As men-
tioned above, ifG is Ho¨lder continuous, then the critical exponent of P pG,Q,W,D, s;xq
is independent of the base point x. It is a standard fact that Lipschitz functions
are dense (in the C0-topology) in the space of uniformly continuous functions of
T 1M (we are only using that T 1M is a manifold). In particular we can find a
sequence pFnqn of Ho¨lder potentials converging to F in the C
0-topology. There
exists a subsequence pnkqk such that ||Fnk ´ F ||0 ď
1
k
. Observe thatÿ
γPΓW
Q
pDq
exp
ˆż γx
x
ĄFnk ´ ˆs` 1k
˙˙
ď
ÿ
γPΓW
Q
pDq
exp
ˆż γx
x
rF ´ s˙
ď
ÿ
γPΓWQ pDq
exp
ˆż γx
x
ĄFnk ´ ˆs´ 1k
˙˙
.
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From this we obtain the inequality
δ
Fnk
Γ
pQ,W,D;xq ´
2
k
ď δFΓ pQ,W,D;xq ď δ
Fnk
Γ
pQ,W,D;xq `
2
k
.(2)
We conclude that limkÑ8 δ
Fnk
Γ
pQ,W,D;xq “ δF
Γ
pQ,W,D;xq. Since Fnk is Ho¨lder
continuous we know that δ
Fnk
Γ
pQ,W,D;xq “ δ
Fnk
Γ
pQ,W,D; yq, for every px, yq P
M ˆM . We conclude that
δFΓ pQ,W,D; yq “ lim
kÑ8
δ
Fnk
Γ
pQ,W,D; yq “ lim
kÑ8
δ
Fnk
Γ
pQ,W,D;xq “ δFΓ pQ,W,D;xq,
which is what we wanted to prove. The calculation for the usual critical exponent
is analogous.

Before moving to Claim 2 we will prove a useful formula for δF
Γ
pQ,W,Dq in case
F is Ho¨lder continuous. We will need the following simple, but important result
(see [PPS, Lemma 3.2]).
Lemma 2.17. Let F be an Ho¨lder potential in T 1M . Then for every x, y, z, w P ĂM
we have that
|
ż y
x
rF ´ ż w
z
rF | ď Cpdpx, zq, dpy, wq, F,Mq,
for some function C that only depends on dpx, zq, dpy, wq, the Ho¨lder constants of
the potential F and bounds on the sectional curvature of ĂM .
As before, we are given Q, W and D. Choose a reference point z P ĂM , and
let E “ supxPπpW q dpz, xq. Let γ P Γ
W
Q pn,Dq. By definition there exists a point
xnγ PW X rΩ such that gkpxnγ q P pΓQqc for k P rD,n´Ds and gupxnγ q P γW , for some
u P rn ´ 1, ns. Observe that dpz, πpxnγ qq and dpγz, πpgnpx
n
γ qqq are both bounded
above by E. In particular, by Lemma 2.17 there exist N1 ą 0 independent of γ
(but depending on s, since N1 depend on the potential we are using) such that
|
ż γz
z
p rF ´ sq ´ ż πpgnpxnγ qq
πpxnγ q
p rF ´ sq| ď N1.
From the triangle inequality we have that dpz, γzq P rn´2E´1, n`2Es. In particu-
lar if τ P
Şk
i“1 Γ
W
Q pni, Dq, then dpz, τzq P
Şk
i“1rni´ 2E´ 1, ni` 2Es. We conclude
that τ P Γ can belong to at most 4pE ` 1q different sets from tΓWQ pm,Dqumě2.
Combining all this we get
4pE ` 1q
ÿ
γPΓWQ pDq
exp
` ż γz
z
p rF ´ sq˘ ě ÿ
ně2D
ÿ
γPΓWQ pn,Dq
exp
` ż γz
z
rF ´ s˘
ě
ÿ
γPΓW
Q
pDq
exp
` ż γz
z
p rF ´ sq˘.
In particular the critical exponent of the Poincare´ series of P pF,Q,W,D, sq is equal
to the critical exponent ofÿ
ně2D
ÿ
γPΓWQ pn,Dq
exp
` ż γz
z
rF ´ s˘.
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It follows from dpz, γzq P rn ´ 2E ´ 1, n ` 2Es whenever γ P ΓWQ pn,Dq that for
s ě 0 we have (the reversed inequality holds if s ă 0)ÿ
ně2D
e´spn`2Eq
ÿ
γPΓWQ pn,Dq
exp
` ż γz
z
rF ˘ ď ÿ
ně2D
ÿ
γPΓWQ pn,Dq
exp
` ż γz
z
rF ´ s˘
ď
ÿ
ně2D
e´spn´2E´1q
ÿ
γPΓW
Q
pn,Dq
exp
` ż γz
z
rF ˘.
We conclude that critical exponent of the Poincare´ series P pF,Q,W,D, sq is given
by
δFΓ pQ,W,Dq “ lim sup
nÑ8
1
n
log
ÿ
γPΓW
Q
pn,Dq
exp
` ż γz
z
rF ˘,(3)
provided that F is Ho¨lder continuous.
Claim 2: The quantity
inf
pQnqn
inf
n
sup
D
δFΓ pQn,W,Dq,
is independent of W .
We will first assume that F is Ho¨lder continuous, and prove that
sup
D
δFΓ pQ0,W0, Dq ď sup
D
δFΓ pQ1,W1, Dq,(4)
for every pair for open relatively compact sets W0 and W1 in T
1ĂM intersecting rΩ,
and Q1 Ă Q0 such that dpQ1, T
1ĂMzQ0q ą 0.
We will sketch the idea–the same argument will be detailed in the proof of
Lemma 4.8. It is enough to prove that δF
Γ
pQ0,W0, Dq ď δ
F
Γ
pQ1,W1, D1q, for some
D1 sufficiently large. We emphasize that the main ingredients in this proof are the
closing lemma, the local product structure and the transitivity of the geodesic flow
on Ω (for precise definitions see Section 3).
By the transitivity of the geodesic flow (on Ω), for every δ ą 0, there exists
Lpδ, ppW0q, ppW1qq ą 0 such that every pair of points x0 P ppW0qXΩ, x1 P ppW1qXΩ
can be connected with a geodesic of length at most L up to δ-perturbations of x0
and x1 (we use points nearby x0 and x1). We choose L so that this works for
paths going from ppW0q to ppW1q, and from ppW1q to ppW0q. Choose a closed
ball B which contains a 1-neighboorhood of ppW0q, ppW1q and of each connecting
geodesic of length at most L just described. Set M “ maxxPT 1B |F pxq|.
Let γ P ΓW0Q0 pn,Dq and x :“ xγ P W0 X
rΩ such that gspxq P pΓQ0qc, for s P
rD,n´Ds and gupxq P γW , for some u P rn´ 1, ns. Fix a point xˆ PW1 X rΩ. Now
consider the following three geodesic segments: the segment that (approximately)
goes from ppxˆq to ppxq, the geodesic flow of ppxq up to time u, and the segment
that (approximately) goes from gupppxqq to ppxˆq. Taking δ sufficiently small and
n sufficiently large we can use the closing lemma to find a closed geodesic that
ǫ-shadows these three geodesics segments (for us ǫ ą 0 will be very small). Take a
point x1 PW1 which is ǫ-close to xˆ and that is tangent to a lift of the closed geodesic
just constructed. Let Hpγq P Γ be the hyperbolic isometry with axis tangent to x1,
and lpHpγqq its translation length. If ǫ is sufficiently small (that is, δ sufficiently
small and n sufficiently large), then the assignment γ P ΓW0Q0 pn,Dq ÞÑ Hpγq P Γ is
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an injection. We will moreover assume that ǫ ă dpQ1, T
1ĂMzQ0q. We remark that
the size of δ determines L, which is now fixed. Observe that the point x1 PW1 X rΩ
satisfies that gspx
1q P pΓQ1q
c, for s P rL ` D ` 1, lpHpγqq ´ pL ` D ` 1qs and
glpHpγqqpx
1q P HpγqW1. By construction we know that lpHpγqq P rn´ 1, n` 2Ls. In
particular we have that
Hpγq P
2L`1ď
s“0
ΓW1Q1 pn´ 1` s, L`D ` 1q.(5)
Using Lemma 2.17 we can compare
şγ1xγ1
xγ1
rF with şγ1x
x
rF , for every xγ1 (where
γ1 P Γ
W0
Q0
pn,Dq). By the construction of Hpγq–in terms of shadowing–and Lemma
2.17 we get
´2LM ´ C `
ż γx
x
rF ď ż Hpγqxˆ
xˆ
rF ,(6)
for some C ą 0 independent of γ P ΓW0Q0 pn,Dq. Using (6), (5) and (3) we get that
δF
Γ
pQ0,W0, Dq ď δ
F
Γ
pQ1,W1, L`D ` 1q, as desired.
Recall that if Q1 Ă Q, then ΓWQ pDq Ă Γ
W
Q1pDq. In particular we have
δFΓ pQ,W,Dq ď δ
F
Γ pQ
1,W,Dq.(7)
We construct pQ1nqn inductively such thatQn Ă Q
1
n, Q
1
n Ă Q
1
n`1 and dpQ
1
n,
ĂMzQ1n`1q ą
0. Combining (4) and (7) we get
sup
D
δFΓ pQ
1
n`1,W0, Dq ď sup
D
δFΓ pQ
1
n,W1, Dq ď sup
D
δFΓ pQn,W1, Dq,
therefore infn supD δ
F
Γ
pQ1n`1,W0, Dq ď infn supD δ
F
Γ
pQn,W1, Dq. Analogously we
get infn supD δ
F
Γ
pQ1n`1,W1, Dq ď infn supD δ
F
Γ
pQn,W0, Dq. This implies the inde-
pendence on W of the critical exponent at infinity, at least when F is Ho¨lder
continuous.
For F uniformly continuous we use an approximation pFkqk by Ho¨lder potentials
such that ||F ´ Fk|| ď
1
k
. As proved in (2) we have the bound
δFk
Γ
pQ,W,Dq ´
2
k
ď δFΓ pQ,W,Dq ď δ
Fk
Γ
pQ,W,Dq `
2
k
.
It follows from this comparison, that the result for Ho¨lder potentials propagates
to any uniformly continuous potential. This finishes the proof of Claim 2. We
conclude that δF
Γ,8 is well defined for uniformly continous potentials.
In the geometrically finite case it is easy to verify that
δFΓ,8 “ sup
P
δFP ,
where the supremum runs over the parabolic subgroups of π1pMq. This follows from
the structure of the ends of Ω and the convexity of the horoballs. In particular a
potential F is SPR if and only if supP δ
F
P
ă P pF q.
We emphasize that SPR potentials are expected to have a thermodynamic for-
malism very similar to the existing one for potentials on compact manifolds. In
Section 5 we will prove the main properties of the family of SPR potentials within
certain classes of potentials that do not oscillate at infinity (we will introduce them
in Section 2.5).
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We finish this section by recalling a remarkable property of the Gibbs measure
associated to F . We use the notation Bpnpv, rq to denote the projection to T
1M of
the dynamical ball Bnprv, rq in T 1ĂM , where rv is a lift of v (for a precise definition
see Definition 3.8). We say that Bpnpv, rq is a ppn, rq-dynamical ball.
Definition 2.18 (Gibbs property). Let m be an invariant measure on T 1M . We
say that m verifies the Gibbs property for the potential F : T 1M Ñ R if for every
compact set K Ă T 1M and r ą 0 there exists a constant CK,r ě 1 such that for
every v P K and every n ě 1 such that gnpvq P K, we have
C´1K,r ď
mpBpnpv, rqq
e
ş
n
0
F pgtpvqq´P pF qdt
ď CK,r.
This definition resembles the usual Gibbs property in symbolic dynamics, but it
is not identical (the compact subset plays a role here). For sub-shifts of finite type,
every equilibrium state of a Ho¨lder potential satisfies the Gibbs property [B6]. For
countable Markov shifts Gibbs measures exist only if the shift space satisfies the
BIP property (see [Sa3]). It is proven in [PPS, Section 3.8] that the Gibbs measures
of Ho¨lder potentials satisfy the Gibbs property. This fact will be important in order
to prove our modification of the simplified entropy inequality (see Theorem 3.10).
2.5. Relevant spaces of potentials. In this paper we will study the thermody-
namic formalism of certain classes of potentials.
Definition 2.19. We say that a potential F converges to D at infinity if for each
ǫ ą 0, there exists a compact subset K Ă T 1M such that
sup
xPKc
|F pxq ´D| ă ǫ.
The space of continuous potentials converging toD at infinity is denoted by CpT 1M,Dq.
The set C0pT
1Mq :“ CpT 1M, 0q is the space of potentials that vanish at infinity.
We use the notation CpT 1M,Dq to avoid any confusion with the space of bounded
continuous potentials CbpT
1Mq. Define
H “
ď
DPR
CpT 1M,Dq.
We remark that potentials in H are uniformly continous.
Lemma 2.20. Let F P C0pT
1Mq. Then the map
µ ÞÑ
ż
Fdµ,
is continuous in Mď1pgq.
Proof. Suppose we have a sequence pµnqn Ă Mď1pgq converging in the vague
topology to µ. Fix ǫ ą 0, and let K “ Kpǫq be a compact subset of T 1M
such that µpBKq “ 0, and supxPKc |F pxq| ă ǫ. Since µpBKq “ 0 we know that
limnÑ8
ş
K
Fdµn “
ş
K
Fdµ. Observe that
|
ż
Fdµ´
ż
Fdµn| ď|
ż
K
Fdµ´
ż
K
Fdµn| ` |
ż
Kc
Fdµ´
ż
Kc
Fdµn|
ď|
ż
K
Fdµ´
ż
K
Fdµn| ` 2ǫ.
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Finally
lim sup
nÑ8
|
ż
Fdµ´
ż
Fdµn| ď lim sup
nÑ8
|
ż
K
Fdµ´
ż
K
Fdµn| ` 2ǫ “ 2ǫ.
Since ǫ ą 0 was arbitrary we are done. 
As a consequence of Lemma 2.20 be obtain the following result.
Lemma 2.21. Let pµnqn be a sequence of invariant probability measures converging
vaguely to µ. Then for every F P CpT 1M,Dq we have
lim
nÑ8
ż
Fdµn “
ż
Fdµ` p1´ |µ|qD.
Proof. Define G “ F ´D. It is clear that G P C0pT
1Mq. By Lemma 2.20 we get
lim
nÑ8
ż
Gdµn “
ż
Gdµ.
This implies that limnÑ8
ş
Fdµn “
ş
Fdµ` p1 ´ |µ|qD. 
Recall that Ω is the non-wandering set of the geodesic flow.
Definition 2.22. For a potential F P CbpT
1Mq we define
cpF q “ inf
nPN
sup
xPKcn
F pxq,
where pKnqn is a compact exhaustion of Ω.
It is easy to verify that cpF q is independent of the choice of compact exhaustion.
Our next result will be frequently used in Section 5.
Lemma 2.23. Let pµnqn be a sequence of invariant probability measures converging
vaguely to µ. Then for every F P CbpT
1Mq we have
lim sup
nÑ8
ż
Fdµn ď
ż
Fdµ` p1´ |µ|qcpF q.
Proof. Let pKmqm be a compact exhaustion of Ω such that the following hold:
(1) supxPΩzKm F pxq ă cpF q `
1
m
.
(2) µpBKmq “ 0.
It follows from (2) that
lim
nÑ8
ż
Km
Fdµn “
ż
Km
Fdµ.
Similarly limnÑ8 µnpKmq “ µpKmq, and therefore limnÑ8 µnpΩzKmq “ 1´µpKmq.
Observe that (1) gives us
ş
ΩzKm
Fdµn ď pcpF q `
1
m
qµnpΩzKmq, and thatˆż
Fdµn ´
ż
Km
Fdµ´p1´ µpKmqqcpF q
˙
“
ˆż
Km
Fdµn ´
ż
Km
Fdµ
˙
`
ˆż
ΩzKm
Fdµn ´ cpF qµnpΩzKmq
˙
` pcpF qµnpΩzKmq ´ cpF qp1 ´ µpKmqqq.
Taking limsup as n goes to infinity we obtain that
lim sup
nÑ8
ż
Fdµn ´
ˆż
Km
Fdµ` cpF qp1´ µpKmqq
˙
ď
1
m
.
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Sending m to infinity proves the lemma. 
3. Entropy density and simplified entropy formula
In this section we will prove that the geodesic flow on a pinched negatively curved
manifold satisfies a mild modification of the simplified entropy inequality and that
its ergodic measures are weak entropy dense. These two properties will be used to
prove the upper semicontinuity of the entropy map.
3.1. Weak entropy density. In this section we will check that the proof of [EKW,
Theorem B] extends to the non-compact case for the geodesic flow on a negatively
curved manifold.
Let pX, dq be a metric space and pϕtqtPR a continuous flow on X . We will need
the following definitions.
Definition 3.1 (Closing lemma). We say that the flow pϕtqt satisfies the closing
lemma if for all x P X, there exists a neighborhood Wx of x such that the following
holds. Given ǫ ą 0, there exists δ and t0 such that for all y P Wx and t ě t0, if
dpy, ϕtyq ă δ and ϕty P Wx, then there exists y
1 and s ą 0 such that |t ´ s| ă ǫ,
ϕsy
1 “ y1 and dpϕhy, ϕhy
1q ă ǫ, for h P p0,mintt, suq.
Define the sets
W ssǫ pxq “ ty P X : dpϕtpxq, ϕtpyqq ď ǫ, for all t ě 0u,
W suǫ pxq “ ty P X : dpϕtpxq, ϕtpyqq ď ǫ, for all t ď 0u.
Definition 3.2 (Local product structure). We say that the flow pϕtqt admits a local
product structure if for all x P X, there exists a neighborhood Vx of x such that the
following holds. Given ǫ ą 0, there exists δ ą 0 such that for all y, z P Vx satisfying
dpy, zq ă δ, there exists a point w “ xy, zy P X and a real number t P p´ǫ, ǫq so that
xy, zy PW suǫ pϕtpxqq XW
ss
ǫ pyq.
The space of flow invariant probability measures is denoted by MpX,ϕq. In
this context we say that µ is ergodic if it is an ergodic flow invariant probability
measure. The space of ergodic measures is denoted by MepX,ϕq.
Remark 3.3. It is a well known fact (see for instance [Bal]) that the geodesic flow
of a pinched negatively curved manifold restricted to its non-wandering set Ω is
transitive, satisfies the closing lemma and admits local product structure. These
properties are important for us because of the following result.
Proposition 3.4. Let pX, dq be a metric space. Assume that closed balls on X are
compact. Let pϕtqt be a continuous flow which is transitive, admits local product
structure and satisfies the closing lemma. Then for every measure µ P MpX,ϕq
and ǫ ą 0, there exists an ergodic measure µe PMepX,ϕq arbitrarily close to µ (in
the weak* topology) such that hµepϕ1q ą hµpϕ1q´ ǫ. We can moreover assume that
suppµe is compact.
Proof. As in the proof of the entropy density in the compact case we start with the
following general fact.
Lemma 3.5. [EKW, Proposition 6.1] Let pX, dq be a metric space and T a con-
tinuous transformation. Given an ergodic measure µ, α ą 0, β ą 0 and f1, ..., fl P
CbpXq, there exists n0 and γ ą 0 such that for all n ě n0 there exists a pn, γq-
separated set S Ă X such that
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(1) |S| ě exppnphµpT q ´ αqq.
(2) | 1
n
řn´1
k“0 fjpT
kxq ´
ş
fjdµ| ă β, for all x P S and j P t1, ..., lu.
Let K Ă X be a measurable set satisfying µpKq ą 3{4. Then we can moreover
assume that S Ă K X T´nK. The constant γ does not depend on K, or n.
We only need to justify the last part of the proposition since points (1) and (2)
are taken without modification from [EKW]. We follow the notation in the proof
of [EKW, Proposition 6.1] and modify the definition of Fn by the formula
Fn “ En XK X T
´nK X tx P X :
1
n
n´1ÿ
k“0
χV pT
kxq ď 2δu,
where En “ tx P X : |
1
n
řn´1
k“0 fjpT
kxq ´
ş
fjdµ| ă β,@j P t1, ..., luu. Since
µpK X T´nKq ą 1
2
, and the measure of the other two sets involved in the def-
inition of Fn, by Birkhoff ergodic theorem, tends to 1 as n goes to infinity, we
conclude that for n sufficiently large we have µpFnq ą
1
2
. With this definition of Fn
the rest of the proof follows without modification the proof of [EKW, Proposition
6.1].
We want to prove that given µ P MpX,ϕq, ǫ ą 0, η ą 0, and f1, ..., fl P CcpXq,
there exists an ergodic measure µe P V pf1, ..., fl;µ, ǫq, where
V pf1, ..., fl;µ, ǫq “ tν PMpX,ϕq : |
ż
fidν ´
ż
fidµ| ď ǫ,@i P t1, ..., luu,
and such that hµepϕ1q ą hµpϕ1q´ η. As in the proof of [EKW, Theorem B] we can
reduce the problem to the case µ “ 1
N
řN
k“1 µk, where tµku
N
k“1 is a collection of
ergodic measures. It is convenient to define M “ maxiPt1,...,lu ||fi||0.
In order to use Lemma 3.5 we choose a time t0 for which µ1, ..., µk are ergodic
with respect to ϕt0 (for instance see [OP, Lemma 7]), and use T “ ϕt0 . In this
situation the bound (2) can be replaced by | 1
n
şn
0
fjpϕtxqdt ´
ş
fjdµi| ă β (for x in
the appropiate set Si). This can be done by changing sums into integrals in the
definition of En (see paragraph above); the measure of En is still close to one by the
ergodic theorem for flows. We can take t0 arbitrarily close to 1, but for simplicity
we will pretend that t0 is actually equal to 1 (otherwise we will need to factor out
t0 in many of our computations).
Fix a compact set K such that µipKq ą 3{4, @i P t1, ..., lu. By the uniform
continuity of the functions pfiqi, there exists ǫ0 ą 0 such that if dpx, yq ă ǫ0, then
|fipxq ´ fipyq| ă
ǫ
4
. Using Lemma 3.5 (and its modification for a flow) we can
find n0 and γ ą 0 such that for every n ě n0, there exist an pn, γq-separated set
Si “ Sipn, ǫ, ηq Ă K X ϕ´nK satisfying that
(1) |Si| ě exppnphµipϕ1q ´ η{2qq.
(2) | 1
n
şn
0
fjpϕtxqdt ´
ş
fjdµi| ă ǫ{4, for all x P Si and j P t1, ..., lu.
We will moreover assume that ǫ0 satisfy γ ą ǫ0{4.
By the definition of the local product structure and the compactness of K there
exists δ0 “ δ0pǫ0,Kq ą 0 such that if x, y P K satisfy dpx, yq ă δ0, then there exists
a point xx, yy such that xx, yy PW suǫ0 pϕtpxqq XW
ss
ǫ0
pyq and |t| ă ǫ0.
By the transitivity of the flow and the compactness of K, there exists a constant
R “ Rpδ0,Kq such that for every x, y P K, there exists z P X such that dpx, zq ă δ0,
and dpϕpz, yq ă δ0 for some p P r0, Rs. In particular if px, yq P
`ŤN
k“1 Sk
˘2
, there
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exists z “ zpx, yq P X such that dpϕnx, zq ă δ0, and dpϕpz, yq ă δ0, for some
p “ ppx, yq P r0, Rs. By choosing n sufficiently large we can and will assume
Rpδ0,Kq{n is sufficiently small.
Choose x¯ “ px1, x2, ..., xMN q P p
śN
i“1 Siq
M . As in the proof of [CS, Proposition
3.2], using the closing lemma and the local product structure, we can construct a
periodic orbit that ǫ0-shadows the broken orbit
W “ On0 px1q YO
ppx1,x2q
0
zpx1, x2q YO
n
0 px2q Y ...YO
n
0 pxnq YO
ppxMN ,x1q
0
zpxMN , x1q,
where the notation Obapxq represents the piece of orbit pϕtpxqqtPra,bs. We think of
W as a parametrized map which represents the sequence of segments above. We
denote the periodic orbit shadowing W by wpx¯q “ wpx1, ..., xMN q. The period of
wpx¯q is approximately the domain of W , it belongs to rnNM, pn`R` 1qNM s.
Define Spnq “
Ť
Mě1p
śN
i“1 Siq
M (here we emphasize that the sets pSiqi depend
on n). As before, to each element x¯ P Spnq we associate a periodic orbit wpx¯q. Fix
some reference point q P K. There exists a constant L “ Lpn,Rpδ0,Kqq such that
wpx¯q Ă Bpq, Lq, for every x¯ P Spnq. In particular the set
Ψpnq “
ď
x¯PSpnq
wpx¯q,
is relatively compact in X and ϕ-invariant. This implies that Ψ0pnq “ Ψpnq is
compact and ϕ-invariant. Define
An “ tx P X : |
1
nN
ż nN
0
fipϕtxqdt ´
ż
fidµ| ď ǫ,@i P t1, ..., luu.
It follows from the choices of ǫ0, δ0, and the inequality (2) that for n large enough (in
comparison with NMR) we have that Ψpnq Ă An. We remark that the constants
ǫ0, δ0, N , M and R do not depend on n. Since An is closed we automatically get
that Ψ0pnq Ă An.
Since Ψ0pnq is ϕ-invariant we know that x P Ψ0pnq implies that ϕspxq P An, for
every s P R. Let ν be an ergodic measure supported in Ψ0 and x P Ψ0 a point such
that
lim
mÑ8
1
m
ż m
0
fipϕtxqdt “
ż
fidν,(8)
for every i P t1, ..., lu. Observe that
|
1
nN
ż nN
0
fipϕt`nNkxqdt´
ż
fidµ| ď ǫ,
for every k P N and i P t1, ..., lu. Combining this with (8) we get that |
ş
fdiµ ´ş
fiν| ď ǫ, for every ı P t1, ..., lu. This implies that ν P V pf1, ..., fl;µ, ǫq. We
conclude that every ergodic measure supported in Ψ0 belongs to V pf1, ..., fl;µ, ǫq.
Recall that γ ą ǫ0{4. By construction if x¯, y¯ P p
śN
i“1 Siq
M , and x¯ ‰ y¯, then
dMNpn`Rqpwpx¯q, wpy¯qq ą ǫ0{2.
In other words Ψ0 contains a pMNpn`Rq, ǫ0{2q-separated set of cardinality
exp
ˆ
nNM
ˆ
1
N
Nÿ
k“1
hµkpϕ1q ´
η
2
˙˙
“ exp
ˆ
nNM
ˆ
hµpϕ1q ´
η
2
˙˙
.
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Here we used inequality (1). Then
htoppΨ0q ě lim sup
MÑ8
nNMphµpϕ1q ´
η
2
q
MNpn`Rq
.
As mentioned earlier, we assumed that R{n is sufficiently small, in particular we
require that the right hand side in the last inequality is strictly bigger than hµpϕ1q´
η. Finally, take an ergodic measure µe supported in Ψ0 with entropy at least
hµpϕ1q ´ η (using the variational principle for flows). Since we had already proved
that µe P V pf1, ..., fl;µ, ǫq, this finishes the proof. 
Combining Remark 3.3 and Proposition 3.4 we obtain the main result of this
section. Here we are using that Ω is the support of all invariant measures on Mpgq.
Theorem 3.6 (Weak entropy density of the geodesic flow). Let M be a pinched
negatively curved manifold. Then the ergodic measures are weak entropy dense in
the space of invariant probability measures.
Let A Ă T 1M be a closed invariant subset of the geodesic flow. We define the
topological pressure of F restricted to A as
PApF q “ sup
µ
thµpgq `
ż
Fdµu,
where the supremum runs over the invariant probability measures supported on
A. As a corollary of Theorem 3.6 we obtain that the topological pressure can be
approximated by compact subsets. This result was obtained in [PPS, Lemma 6.7]
for Ho¨lder potentials.
Theorem 3.7. Let F P CbpT
1Mq, then
P pF q “ sup
K
PKpF q,
where the supremum runs over the set of compact invariant subsets.
Proof. Fix ǫ ą 0 and choose µǫ PMpgq such that
hµǫpgq `
ż
Fdµǫ ą P pF q ´ ǫ.
Using Proposition 3.4 we can approximate µǫ with an invariant probability measure
of compact support νǫ satisfying hνepgq ą hµǫpgq´ ǫ, and
ş
Fdνǫ ą
ş
Fdµǫ´ ǫ. This
implies that
hνǫpgq `
ż
Fdνǫ ą P pF q ´ 3ǫ,
where νǫ is compactly supported. In particular supK PKpF q ě hνǫpgq `
ş
Fdνǫ. It
is clear that P pF q ě supK PKpF q. Therefore
P pF q ě sup
K
PKpF q ě P pF q ´ 3ǫ.
Since ǫ ą 0 was arbitrary we conclude that P pF q “ supK PKpF q. 
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3.2. Simplified entropy inequality for geodesic flows. We will now proceed
to prove that the geodesic flow on a pinched negatively curved manifold satisfies
a simplified entropy inequality after a mild modification in the definition of the
dynamical balls. As before p : T 1ĂM Ñ T 1M is the canonical projection.
Definition 3.8. Let y P T 1ĂM and x “ ppyq, we define Bpnpx, rq as the image under
p of the pn, rq-dynamical ball in T 1ĂM centered at y. We say that Bpnpx, rq is the
ppn, ǫq-dynamical ball centered at x, where p stands for projection.
We recall that Nµpn, ǫ, δq is the minimum number of pn, ǫq-dynamical balls
needed to cover a set of measure strictly bigger than 1 ´ δ. We define Npµpn, ǫ, δq
as the minimum number of ppn, ǫq-dynamical balls needed to cover a set of mea-
sure strictly bigger than 1 ´ δ. We also use the notation NppC, n, ǫq to denote the
minimum number of ppn, ǫq-dynamical balls needed to cover the set C Ă T 1M . To
simplify notation we define X “ T 1M . To prove the main result of this subsection
we will need the following lemma, which follows easily from the criterion given in
[PS].
Lemma 3.9. Let pM, gq be a pinched negatively curved manifold. Then there exists
a Ho¨lder continuous potential ϕ which admits an equilibrium state.
Theorem 3.10 (Simplified entropy inequality). Let pM, gq be a pinched negatively
curved manifold. Then for every ergodic measure µ have
hµpgq ď lim inf
nÑ8
1
n
logNpµpn, r, δq,
where δ P p0, 1q and r ą 0.
Proof. Fix δ P p0, 1q, r ą 0 and r1 P p0, rq. Let ϕ be a Ho¨lder continuous potential
that admits an equilibrium state. Choose m P N such that 1´ δ ą 1
m
. Let Fn Ă X
be a set satisfying Npµpn, r, 1´
1
m
q “ NppFn, r, 1´
1
m
q and µpFnq ą
1
m
. By Birkhoff
ergodic theorem there exists F 1 Ă X and N0 ą 0 such that µpF
1q ą 1 ´ 1
8m
, and
| 1
n
şn´1
0
ϕpgtxqdt ´
ş
ϕdµ| ă ǫ, for every x P F 1 and n ě N0. From now on we will
assume n ě N0. Let K be a compact subset such that µpKq ą 1 ´
1
8m
. We will
need the following fact, which follows directly from the formula
µpA1 Y ...YAnq “
n´1ÿ
i“1
p´1qi`1
ÿ
µpAt1 X ...XAtiq.
Lemma 3.11. Let F be a measurable set satisfying µpF q ą 1
s
. Then for every
h P Z there exists k P rh, h` 2sq such that µpF X g´kF q ą
1
22s
.
Define Sn “ Fn XK X F
1 and observe that by construction µpSnq ą
1
2m
. Then
there exists kn P p´4m, 0s such that
µpSn X g´pn´1`knqSnq ą
1
24m
.
Define An “ Sn X g´pn´1`knqSn. In particular we get
Npµpn, r
1, 1´
1
24m
q ď NppAn, n, r
1q.
Consider a maximal ppn, 2rq-separated set of An and denote by R the set of centers
of such dynamical balls. Observe that #R ď NppAn, n, rq. For each x P R, let Ex
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be a ppn, r1q-separated set of maximal cardinality in Bpnpx, 2rq. By definition, the
ppn, r1{2q-dynamical balls with centers in Ex are disjoint. Moreover, since #Ex is
maximal, the collection of ppn, r1q-dynamical balls having centers in Ex is a ppn, r
1q-
covering of Bpnpx, 2rq. Define Y “
Ť4m
l“0 glK. Since K is compact, the same holds
for Y . Recall that ϕ is a Ho¨lder potential that admits an equilibrium state, denote
its equilibrium measure by m. Therefore
ÿ
yPEx
mpBpnpy, r
1{2qq “ m
˜ ď
yPEx
Bpnpy, r
1{2q
¸
ď mpBpnpx, 2r ` r
1qq,
and so
#Ex ď
mpBpnpx, 2r ` r
1qq
minyPEx mpB
p
npy, r1{2qq
.
Observe that by construction if x P An, then gn´1`knpxq P Sn, which implies
gnpxq P Y . In particular An Ă Y X g´nY . Recall that m satisfies the Gibbs
property, i.e. there exists a constant C “ CpY, 2r ` r1, r1{2q such that
C´1 ď
mpBpnpy, r0qq
expp
şn
0
ϕpgtyqdt´ nP pϕqq
ď C,
for every y P Y Xg´nY , and r0 P t2r`r
1, r1{2u (for a precise definition of the Gibbs
property see Definition 2.18). Using the notation above this implies the bound
#Ex ď C
2 exp
ˆż n
0
ϕpgtxqdt´ min
yPEx
ż n
0
ϕpgtyqdt
˙
.
Therefore, by the definition of F 1, we have
#Ex ď C
1 expp2nǫq.
Observe that
Npµpn, r
1, 1´
1
24m
q ď NppAn, n, r
1q ď C 1 expp2nǫq#R ď C 1 expp2nǫqNppAn, n, rq
ď C 1 expp2nǫqNppFn, n, rq “ C
1 expp2nǫqNpµpn, r, 1´
1
m
q
ď C 1 expp2nǫqNpµpn, r, δq.
We remark that C 1 is independent of n; it only depends on r, r1, m and K. Then
lim inf
nÑ8
1
n
logNpµpn, r
1, 1´
1
24m
q ď lim inf
nÑ8
1
n
logNpµpn, r, δq ` 2ǫ.
Since ǫ ą 0 was arbitrary we get
lim inf
nÑ8
1
n
logNpµpn, r
1, 1´
1
24m
q ď lim inf
nÑ8
1
n
logNpµpn, r, δq.
By definition Bpnpx, rq Ă Bnpx, rq. This implies that Nµpn, s, qq ď N
p
µpn, s, qq, for
every n P N, s P R and q P p0, 1q. Using Theorem 2.4 we get
hµpgq “ lim
r1Ñ0
lim inf
nÑ8
1
n
logNµpn, r
1, 1´
1
24m
q ď lim
r1Ñ0
lim inf
nÑ8
1
n
logNpµpn, r
1, 1´
1
24m
q.
Combining the inequalities above we obtain
hµpgq ď lim inf
nÑ8
1
n
logNpµpn, r, δq.

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4. Semicontinuity of the entropy map
In this section we will prove the upper semicontinuity of the entropy map. More
precisely we will prove that if pµnqn converges in the weak* topology to µ, then
lim sup
nÑ8
hµnpgq ď hµpgq.
In order to do so we will prove a more general inequality that involves the escape of
mass and the topological entropy at infinity of the geodesic flow (see Section 4.2).
We will also prove that the topological entropy at infinity coincides with a measure
theoretic counterpart–this is what we call the variational principle for the entropy
at infinity. The results in Section 4.2 and Section 4.3 will have many consequences
to the existence and stability of equilibrium states (see Section 5).
4.1. A more general result. In this section we will prove a more general version
than the one we need for the geodesic flow. This has the advantage of emphasizing
the key ingredients to obtain similar results.
We start with our definition of topological entropy at infinity. Let pX, dq be
a non-compact topological manifold, and T : X Ñ X an L-Lipschitz homeomor-
phism, i.e. a homeomorphism satisfying dpTx, T yq ď Ldpx, yq, for every px, yq P
X ˆX . Let K be a compact subset of X . Define
Kpnq “ K X
n´2č
i“1
T´iKc X T´pn´1qK.
Given a point x P K and r ą 0, we define Cpx, n, rq as the number of pn, rq-
dynamical balls needed to cover Bpx, rq XKpnq. We define the topological entropy
outside K at scale r by the formula
δ8pK, rq “ lim sup
nÑ8
1
n
log sup
xPK
Cpx, n, rq,
and the topological entropy outside K by δ8pKq “ infrą0 δ8pK, rq.
Definition 4.1 (Topological entropy at infinity). The topological entropy at in-
finity of pX, d, T q is the quantity
δ8 “ inf
tKnu
lim inf
nÑ8
δ8pKnq,
where the infimum runs over sequences tKnunPN where each Kn is compact, Kn Ă
Kn`1 and X “
Ť
ně1Kn.
Our goal is to prove the following result.
Theorem 4.2. Let pX, dq be a non-compact topological manifold and T an L-
Lipschitz homeomorphism with finite topological entropy at infinity. Assume that
pX, d, T q satisfies a simplified entropy inequality and that its ergodic measures are
weak entropy dense. Let pµnqn be a sequence of T -invariant probability measures
converging to µ in the vague topology. Then
lim sup
nÑ8
hµnpT q ď |µ|hµ{|µ|pT q ` p1´ |µ|qδ8.
If the sequence pµnqn converges to the zero measure the right hand side of the
inequality is understood as δ8.
As mentioned in the introduction, we start with a weaker version of Theorem
4.2.
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Proposition 4.3. Let pX, dq be a non-compact topological manifold and T a L-
Lipschitz homeomorphism with finite topological entropy at infinity. Assume that
pX, d, T q satisfies a simplified entropy inequality. Let pµnqn be a sequence of ergodic
measures converging to µ in the vague topology. Suppose there exists a compact set
K such that µpBKq “ 0, and µnpKq ą 0, for every n P N. Then
lim sup
nÑ8
hµnpT q ď |µ|hµ{|µ|pT q ` p1´ µpApKqqqδ8pK, rq,
where ApKq “ tx P X : T kx P K, for some k ě 0 and some k ď 0u.
Proof. Define Y “ ApKq as the set of points inX that enter toK under positive and
negative iterates of T . Let Ak be the set of points in K that have their first return
to K at time k. Given x P Y define n2pxq as the smallest non-negative number
such that T n2pxqx P K and n1pxq as the smallest non-negative number such that
there exists y P K satisfying T n1pxqpyq “ x. For x P Y define npxq “ n1pxq`n2pxq,
and declare npxq “ 8 whenever x P Y c. For n P Zě0 Y t8u define
Cn “ tx P X : npxq “ nu.
By the ergodicity of µm and the hypothesis µmpKq ą 0 we have that µmpC8q “ 0.
Moreover, x P Cn means that x is in the orbit of a point in An. Since T is Lipschitz
and supxPK dpx, Txq is finite, we conclude that
ŤM
n“0 Cn is bounded, and therefore
relatively compact. Define
αN,M “
Mď
nąN
Cn, and αN “
ď
nąN
Cn.
It worth mentioning that BαN Ă
Ť
kPZ T
´kBK, and that the same holds for αN,M
and C8. This implies that µpBαN,M q “ µpBαNq “ µpBC8q “ 0. By the definition of
δ8pK, rq we know that given ǫ ą 0, there exists N0 “ N0pǫq such that the following
holds. For every n ě N0 and x P Kpnq “ K X
Şn´2
s“1 T
´sKc X T´pn´1qK, we have
that Bpx, rq X Kpnq can be covered with at most enpδ8pK,rq`ǫq pn, rq-dynamical
balls.
Choose natural numbers k ě 2 and N ě N0pǫq. Define the partition
βk,N “ tαkN , αN,kN , Q
1
N , ..., Q
s
N , C8u,
where QiN are disjoint sets of diameter less than r{p2L
kN`2q covering
ŤN
n“0 Cn
(which is relatively compact) and let β1k,N “ tQ
1
N , ..., Q
s
Nu. We choose this covering
such that µpBQiNq “ 0 for every i. In particular we know µpBβk,N q “ 0.
Recall that for a partition P we denote Pn to the partition
Žn´1
i“0 T
´iP . Let
Q P βnk,N be such that Q Ă α
c
N . We say that rr, sq Ă r0, nq is an excursion of Q
into αN if T
tQ Ă αN for every t P rr, sq, T
r´1Q Ă αcN and T
sQ Ă αcN . Define
mk,N,npQq as the number of excursions of Q into αN that contain at least one
excursion into αkN and let |EN,npQq| “ #tk P r0, nq : T
kQ Ă αNu.
Remark 4.4.
(1) Observe that if x P Cn XK
c, then Tx P Cn, or Tx P K. In other words if
x P Kc, then npTxq ď npxq.
(2) Let rr, sq be an excursion of Q into αN . Suppose there exists x P T
r´1QX
Kc, then by (1) we have npxq ě npTxq ą N . In particular x P αN , which
contradicts that T r´1Q Ă αcN . We conclude that T
r´1Q Ă K.
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(3) If x P Q and Q Ă αcN , then T
tx P K, for some t P r0, N s. Indeed, if
x P
ŤN
n“0 Cn, then by definition n2pxq ď N and the conclusion follows.
We claim that an atom Q P βnk,N such that Q Ă K X T
´pn´1qK, can be cov-
ered with an appropriate number of pn, rq-dynamical balls. This estimate is very
important in order to prove Proposition 4.3.
Proposition 4.5. Let βk,N as above. Then an atom Q P β
n
k,N such that Q Ă
K X T´pn´1qK can be covered with at most
C0e
|EN,npQq|pδ8pK,rq`ǫqemk,N,npQqNpδ8pK,rq`ǫq,
pn, rq-dynamical balls, where C0 “ C0pm, q,N, kq.
To simplify notation we will forget the subindex N and k. We remark that since
C8 satisfies TC8 Ă C8, the assumption T
n´1Q Ă K rules out the possibility that
Q entered to C8 before the pn ´ 1qth iterate. The proof is inductive, and it is
essentially the same idea as the one employed in [EKP]. First decompose r0, n´ 1s
as
r0, n´ 1s “W1 Y V1 Y ...Y Vs YWs`1,
according to the excursions into αN that contain at least one excursion into αkN . It
worth mentioning that by Remark 4.4 each excursion into αN can contain at most
one excursion into αkN . More precisely, let Vi “ rni, ni ` hiq and Wi “ rli, li `Liq
with li ` Li “ ni and ni ` hi “ li`1. The segment Vi denotes an excursion into
αN that contains an excursion into αkN and pWiqi are the complementary intervals.
Step 0: Cover αcN “
ŤN
n“0 Cn with balls of diameter r{L
kN`2. By the defini-
tion of the set β1k,N we can take one ball per element in β
1
k,N . We denote the
number of balls required for this covering as C0 “ C0pK, r,N, kq.
Step 1: Assume we have covered Q with
C0C
i´1
1
epδ8pK,rq`ǫqp|V1|`...`|Vi´1|qepi´1qNpδ8pK,rq`ǫq,
pli ` 1, rq-dynamical balls. We claim the same number of balls suffices to cover Q
with pli`Li, rq-dynamical balls. Observe that by hypothesis T
liQ Ă αcN , therefore
diam T liQ ď r{LkN`2. Since the balls used to cover β1 have all diameter smaller
than r{LkN`2 the same hold if Q spends some extra time in β1. If Q have an excur-
sion into αN that does not enter to αkN , then by definition it must come back to
β1 before kN iterates (see Remark 4.4 (3)). In particular if the excursion into αN
is rpi, pi ` qiq, then qi ď kN . Observe that diam T
pi´1Q ď r{LkN`2 implies that
diam T pi`tQ ď r for every t P r0, kNq. In particular the same holds for t P r0, qis.
Now we have entered to β1 again and we can repeat this process until we find an
excursion into αkN , in that case we proceed to Step 2.
Step 2: Assume we have covered Q by
C0e
pδ8pK,rq`ǫqp|V1|`...`|Vi´1|qepi´1qNpδ8pK,rq`ǫq,
pni, rq-dynamical balls. To get a covering with pni ` hi ` 1, rq-dynamical balls
we will cover each pni, rq-dynamical ball in the given covering by pni ` hi ` 1, rq-
dynamical balls. Let x P Q be the center of one of the pni, rq-dynamical balls (if
the center of the ball is not in Q one takes a point in the ball that do belong to
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Q and change r by 2r in our next argument, for simplicity we assume that x P Q
is the center of the dynamical ball). By definition T tx P αN for t P rni, ni ` hiq,
T ni´1x P αcN and T
ni`hix P αcN . Let spxq ě 0 be the smallest number such that
T ni`hi`spxqpxq P K. Notice that by Remark 4.4(2) we have T ni´1pxq P K, and by
Remark 4.4(3) we know that spxq ď N . Since T ni´1Bnipx, rq Ă BpT
ni´1x, rq, we
can just focus on covering B “ BpT ni´1x, rq X Kphi ` spxq ` 1q with phi ` 1, rq
dynamical balls. By the definition of δ8pK, rq we know that B can be covered with
at most epδ8pK,rq`ǫqphi`spxqq phi` spxq` 1, rq-dynamical balls. We conclude that B
can be covered by at most epδ8pK,rq`ǫqphi`Nq phi`1, rq-dynamical balls. This proves
that the number of pni`hi`1, rq-dynamical balls needed to cover Q is at most the
number of balls we had at the beginning of Step 2, times epδ8pK,rq`ǫqhiepδ8pK,rq`ǫqN .
We conclude that Q can be covered with at most
C0e
|EN,npQq|pδ8pK,rq`ǫqemk,N,npQqNpδ8pK,rq`ǫq,
pn, rq-dynamical balls, where C0 “ C0pm, q,N, kq. We remark that C0 is a constant
independent of n. We also remark that the term |EN,npQq| is a very rough bound,
we can actually use the time spent in excursions into αN containing excursions into
αkN–for our applications this does not seem to be necessary.
Proposition 4.6. Let βk,N the partition defined in Proposition 4.5. Let µ be an
ergodic T-invariant probability measure satisfying µpKq ą 0. Then
hµpT q ď hµpT, βk,N q ` µpαN qpδ8pK, rq ` ǫq `
1
k
pδ8pK, rq ` ǫq.
Proof. Recall that by Definition 2.5 we know that for every ergodic measures µ we
have
hµpT q ď lim
nÑ8
1
n
logNµpn, r, δq.
Using the ergodicity of µ and the assumption µpKq ą 0 we can find an increasing
sequence pniqi such that
µpK X T´niKq ą δ1,
for every i P N, where δ1 is sufficiently small but positive (and independent of ni).
By Shannon-McMillan-Breiman theorem the set
Aǫ1,N “ tx P X : @n ě N,µpβ
npxqq ě expp´nphµpT, βq ` ǫ1qqu,
has measure converging to 1 as N goes to 8, for every ǫ1 ą 0. Fix ǫ1 ą 0 small.
By Birkhoff ergodic theorem there exists a set Wǫ1 such that
1
n
nÿ
i“0
1αN pT
nxq ă µpαN q ` ǫ1, and µpWǫ1q ą 1´
δ1
4
,
for all x PWǫ1 and n ě npǫ1q. We finally define
Xi “Wǫ1 XAǫ1,ni XK X T
´niK.
By construction, for i sufficiently large, we have µpXiq ą
δ1
2
. From now on we will
always assume i is sufficiently large. Our goal is to cover Xi by pni, rq-dynamical
balls. By definition of Aǫ1,ni we knowXi can be covered with exppniphµpT, βq`ǫ1qq
many elements of βni . We will use Proposition 4.5 to cover efficiently each of those
atoms with dynamical balls. Let Q P βni be an atom intersecting Xi, in particular
Q P K X T´pn´1qK. By the choice of Wǫ1 we have
|EN,nipQq| ă pµpαN q ` ǫ1qni.
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We claim that mk,N,nipQq ď
1
Nk
ni. This follows from Remark 4.4. Let rp, p ` qq
be is an excursion of Q into αN that contain an excursion into αkN . There exists a
smallest h ě 0 such that T p`q`hQ Ă K. By definition of αkN we have q ` h` 1 ě
kN . Moreover T kQ Ă αcN for every k P rp ` q ` 1, p ` q ` hs. In particular
each excursion into αkN generates an interval of length at least kN where no other
excursion into αN can occur.
Putting all together, we get that Npni, r, 1´
δ1
2
q is bounded above by
eniphµpT,βq`ǫ1qC0e
nipδ8pK,rq`ǫqpµpαN q`ǫ1qe
1
kN
niNpδ8pK,rq`ǫq.
Finally we obtained
hµpT q ďhµpT, βk,N q ` ǫ1 ` pδ8pK, rq ` ǫqpµpαN q ` ǫ1q `
1
k
pδ8pK, rq ` ǫq.
Since ǫ1 ą 0 was arbitrary we are done. 
We now explain how to get Proposition 4.3 from Proposition 4.6; this is basically
identical to the last part of the proof of the main result in [EKP]. First assume
µpXq ą 0, and fix ε0 ą 0. We remark that by construction µpBβk,N q “ 0. To
simplify notation we use β instead of βk,N to denote our partition. Choose m
sufficiently large such that
h µ
|µ|
pT q ` ε0 ą
1
m
H µ
|µ|
pβmq, 2
e´1
m
ă
ε0
2
,
and ´p1{mq logµpXq ă ε0. Then
|µ|h µ
|µ|
pT q ` 2ε0 ą
1
m
ÿ
PPβm
µpP q log µpP q.
Define A “
Şm´1
i“0 T
´iαkN and observe that by the definition of the vague conver-
gence we have
lim
nÑ8
ÿ
QPβmztAu
µnpQq logµnpQq “
ÿ
QPβmztAu
µpQq logµpQq.
Choosing n sufficiently large we get the inequality
|µ|h µ
|µ|
pT q ` 3ε0 ě
1
m
Hµnpβ
mq.
Finally use Proposition 4.6 to get
µpXqh µ
|µ|
pT q ` 3ε ą
1
m
Hµnpβ
mq ě hµnpT, βq
ěhµnpT q ´ pδ8pK, rq ` ǫqµnpαN q ´
1
k
pδ8pK, rq ` ǫq.
Observe that
ŤN
n“0 Cn is relatively compact and that µnpαN q “ 1´ µnp
ŤN
n“0 Cnq.
We remark that by construction µpBαN q “ 0. Therefore
lim sup
nÑ8
hµnpT q ďµpXqh µ|µ| pT q ` pδ8pK, rq ` ǫqp1´ µp
Nď
n“0
Cnqq
`
1
k
pδ8pK, rq ` ǫq.
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Observe that by construction we can send ǫ to zero as N goes to infinity. Finally
take k Ñ8 and N Ñ8. We obtained the desired inequality
lim sup
nÑ8
hµnpT q ď |µ|h µ|µ| pT q ` p1´ µpApKqqqδ8pK, rq.
The case when µpXq “ 0 follows directly from Proposition 4.6 since hµnpg, βq Ñ
0 and µnpαN q “ 1´ µnp
ŤN
s“1 Csq Ñ 1 as n tends to 8. 
We have finally all the ingredients to prove Theorem 4.2.
Proof of Theorem 4.2. We will prove that
lim sup
nÑ8
hµnpT q ď |µ|hµ{|µ|pT q ` p1´ µpApKqqqδ8pK, rq,(9)
holds, for every sufficiently large compact set K and r ą 0. Let µ0 be a T -invariant
measure with finite entropy that gives positive measure to K (which exists because
K is sufficiently large) and define µ1n “ p1´
1
n
qµn `
1
n
µ0. By hypothesis, the space
of ergodic measures is weak entropy dense (see Definition 3.6), therefore we can
find an ergodic measure νn arbitrarily close to µ
1
n (in the weak* topology) such
that hνnpT q ą hµ1npT q ´
1
n
. In particular we can assume νnpKq ą 0 and that the
sequence pνnqn converges to µ in the weak* topology. We can now use Proposition
4.3 to the sequence pνnqn and get
lim sup
nÑ8
hνnpT q ď |µ|hµ{|µ|pT q ` p1´ µpApKqqqδ8pK, rq.
By construction we have
hνnpT q ą hµ1npT q ´
1
n
“
ˆ
1´
1
n
˙
hµnpT q `
1
n
hµ0pT q ´
1
n
,
and therefore
lim sup
nÑ8
hνnpT q ě lim sup
nÑ8
hµnpT q,
which implies the inequality (9). Take an increasing sequence pKiqi of compact
sets such that limiÑ8 δ8pKiq “ δ8. Now observe that ApKiq Ă ApKi`1q andŤ
iě1 ApKiq “ X. This implies that limiÑ8 µpApKiqq “ µpXq, and therefore in-
equality (9) finishes the proof. 
4.2. Upper semicontinuity of the entropy map for the geodesic flow. For
the geodesic flow the topological entropy at infinity introduced in Definition 4.1
takes a more concrete form. We will explain the modifications in the notation and
proof of Theorem 4.2 when dealing with the geodesic flow. For consistency with
the notation used in Section 4.1 we set X “ T 1M , and T “ g1, the time one map
of the geodesic flow. For a set Z Ă X we define N1pZq “ tx P X : dpx, Zq ď 1u.
For a compact set K Ă T 1M and t ě 3 we define
Kptq “ tx P N1pKq : gspxq P K
c, for s P r1, t´ 2s and gt´1pxq P Ku.
Given a point x P N1pKq, and r ą 0 we define Cpx, t, rq as the number of ppt, rq
dynamical balls needed to cover Bpx, r{4qXKptq (we slightly changed the definition
of Cpx, t, rq by shrinking the ball of radius r to r{4; this does not affect any part
in the proof of Theorem 4.2). Then define
δ8pKq “ inf
rą0
lim sup
tÑ8
1
t
log sup
xPN1pKq
Cpx, t, rq.
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We remark that in the definition of Kptq we consider points in N1pKq–rather than
points in K–because of Remark 4.7(2). Recall that in the proof of Proposition 4.3
we defined the function npxq “ n1pxq ` n2pxq. We now allow n1pxq and n2pxq to
be non-negative real numbers (instead of non-negative integers). In particular we
have that
Ct “ tx P X : npxq “ tu,
is well defined for every t P Rě0. As before, C8 is the complement of ApKq in X .
Similarly we modify the definition of αN and αN,M into
αN,M “
ď
sPpN,Ms
Cs, and αN “
ď
sPpN,8q
Cs.
It still holds that αcN “
Ť
sPr0,Ns Cs is relatively compact and that µpBαN q “
µpBαN,Mq “ 0. In the proof of Proposition 4.5, Remark 4.4 plays an important role
(specially parts (2) and (3)). For the geodesic flow Remark 4.4 becomes
Remark 4.7.
(1) We claim that αcNXT
´1αN Ă N1pKq. Indeed, if x P α
c
N and T pxq “ g1pxq P
αN , then there exists s P r0, 1s such that gspxq P K. This automatically
implies that x P N1pKq
(2) Let rr, sq be an excursion of Q into αN . Then by (1) we have that T
r´1Q Ă
N1pKq.
(3) If x P Q and Q Ă αcN , then gtpxq P K, for some t P r0, N s. Indeed, if
x P
Ť
sPr0,Ns Cs, then by definition n2pxq ď N and the conclusion follows.
We emphasize that part (3) (resp. part (2)) is used in step 1 (resp. step 2) in
the proof of Proposition 4.5. With these modifications the proof of Theorem 4.2
go through for the geodesic flow. An important point to make is that we are using
T “ g1, the time one map of the geodesic flow. In particular to use Proposition 4.3
we need a sequence of ergodic measures under the action of g1. By [OP, Lemma
7] we can choose t ă 1 arbitrarily close to 1 such that our sequence of ergodic flow
invariant measures are ergodic under the action of gt. This is enough to obtain
Proposition 4.3 for any sequence of ergodic flow invariant probability measures
satisfying µnpKq ą 0.
For the geodesic flow it makes sense to consider a definition of the topological
entropy at infinity that is closer to the definition of the critical exponent of π1pMq.
Before making this explicit let us recall some notation.
We use the notation d for the metric on T 1M and T 1ĂM , and the notation gt for
the geodesic flow on T 1M and T 1ĂM (the difference will be clear from the inputs
of dp¨, ¨q and gtp¨q). Also recall that x, y P T
1M are ppn, rq-separated if x does not
belong to the ppn, rq-dynamical ball centered at y. We say that x˜, y˜ P T 1ĂM are
ppn, rq-separated if dnpx˜, y˜q ą r. We have the canonical projection p : T
1ĂM Ñ T 1M
and π is the projection that sends a vector to its base point (in T 1M or T 1ĂM). We
denote by rΩ to p´1pΩq.
Let Q Ă T 1ĂM be a compact subset and W Ă T 1ĂM an open relatively compact
such that W X rΩ ‰ H. Let D P N. Given n P NX r2D,8q we define
ΓWQ pn,Dq “ tγ P Γ : Dx PW X
rΩ such that gspxq P pΓQqc, for s P rD,n´Ds
and gupxq P γW, for some u P rn´ 1, nsu.
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Then define
δW8 pQq “ sup
DPN
lim sup
nÑ8
1
n
log#ΓWQ pn,Dq.(10)
Lemma 4.8. Set W0 “ ppW q, K0 “ ppQq, and pQ Ă Q be another compact set
such that dp pQ,ĂMzQq ą 0. Then δ8pK0q ď δW8 p pQq.
Proof. Pick a point w P W0 X Ω. Let x P N1pK0q and r ą 0 sufficiently small
compared with the injectivity radius on N1pK0q. Let rx P T 1ĂM be a lift of x to
T 1ĂM . Similarly, for every y P Bpx, rq we denote by ry P T 1ĂM the lift of y satisfying
dprx, ryq ď r. Let St be a maximal ppt, rq-separated set in Bpx, r{4q XK0ptq. Notice
that Cpx, t, rq ď #St. For each element s P St we consider qpsq :“ gt´1psq P K0.
Fix δ ą 0. By the transitivity of the geodesic flow there exists L “ LpW0,K0, δq ą
0 such that the following holds: for every y P K0 there exists yδ such that dpy, yδq ă
δ and such that dpw, gjpyqyδq ă δ, for some jpyq P r0, Ls. Moreover, for z P N1pK0q
there exists a point wzδ P W0 such that dpw,w
z
δ q ă δ and dpz, gjpwzqw
z
δ q ă δ, for
some jpwzq P r0, Ls. If z “ x we denote the point simply by wδ and jpwq :“ jpw
xq.
For every s P St we have three geodesic segments: the first is simply the geodesic
tgppwδqupPr0,jpwqs, the second is tgppsqupPr0,t´1s, and the third is tgppqpsqδqupPr0,jpqpsqqs.
By the local product structure and the closing lemma we can find a closed geodesic,
say cpsq, shadowing these three geodesic segments. By taking δ ą 0 sufficiently
small, and t sufficiently large we can make sure the geodesic is ǫ-close to the union
of these three geodesic segment (for any fixed ǫ ą 0q–this argument was already
used in the proof of Proposition 3.4.
The length of cpsq, say lpsq, is approximately the length of the three segments,
in particular it belongs to rt ´ 2, t ` 2Ls. In fact, this whole approximation by a
closed geodesics takes place in the universal cover, that is, if one lift the segments to
the universal cover (so that the end of the first is sufficiently close to the beginning
of the second, and the end of the second is sufficiently close to the beginning of
the third), then there exists a hyperbolic axis ǫ-close to this chain of paths. For
convenience we take the lift that passes near to rs. Choose a point Ąhpsq tangent to
the axis and such that dprs,Ąhpsqq ă ǫ. Denote by γs P Γ the hyperbolic element
with such axis that represents cpsq.
Let us suppose that γs “ γs1 for distinct points s, s
1 P St. If t is sufficiently large
we can ensure that dpγsrs, glpsqĄhpsqq ă 2ǫ; we will assume this is the case. Therefore
dpγsrx, glpsqĄhpsqq ď dpγsrx, γsrsq ` dpγsrs, glpsqĄhpsqq ď r{4` ǫ.
Analogously we have dpγs1rx, glps1qĆhps1qq ď r{4`ǫ. Combining these two inequalities
dpglpsq
Ąhpsq, glps1qĆhps1qq ď r{2 ` 2ǫ.(11)
Also notice that
dpĄhpsq,Ćhps1qq ď dpĄhpsq, rsq ` dprs, rxq ` dprx, rs1q ` dprs1,Ćhps1qq ď r{2` 2ǫ.(12)
Since s and s1 are ppt, rq-separated we know that dtprs, rs1q ą r. It follows from the
construction that dtpĄhpsq, rsq ă ǫ. In particular
dtpĄhpsq,Ćhps1qq ě dtprs, rs1q ´ dtpĄhpsq, rsq ´ dtpĆhps1q, rs1q ą r ´ 2ǫ.(13)
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It follows from inequalities (11) and (12), and the convexity of the distance function
in CAT p0q spaces that dtpĄhpsq,Ćhps1qq ď r{2 ` 2ǫ. If ǫ ă r{9 this would contradict
inequality (13).
From now on we assume t " 0 and δ ! 1 are choosen to ensure that ǫ ă
mintr{9, dp pQ,ĂMzQqu. Since L depends only on δ, K0 and W0, we consider it fixed
from now on. As explained above, in this case the map s ÞÑ γs is an injection.
The assumption ǫ ă dp pQ,ĂMzQq ensures that γs P Γ pQptlpsqu, L ` 1 `Dq. Indeed,
choose a point ws P W0 which is tangent to cpsq and such that dpws, wq ă ǫ. A
lift of ws to W can be used in the definition of Γ pQptlpsqu, L` 1`Dq to check that
γs P Γ pQptlpsqu, L` 1`Dq. This follows directly from the construction of cpsq, and
the definition of K0ptq.
Recall that lpsq P rt´ 2, t` 2Ls. We conclude that
Cpx, t, rq ď #St ď
t`2Lÿ
u“t´2
Γ pQpu, L` 1`Dq.
Observe that the right hand side is independent of x P N1pK0q (L is independent
of the point in N1pK0q). This and the definition of δ8pK0q and δ
W
8 p pQq imply the
inequality δ8pK0q ď δ
W
8 p pQq. 
Let P be a Dirichlet fundamental domain of M in ĂM .
Definition 4.9 (Topological entropy at infinity). The topological entropy at in-
finity of the geodesic flow is the quantity
δ8 “ inf
pPkq
lim inf
kÑ8
δW8 pPkq,
where the infimum runs over compact exhaustions of P , in other words, increasing
sequences pPkqk such that each Pk is compact and
Ť
ně1 Pk “ P .
It follows from the definition that δ8 “ δ
0
Γ,8, where 0 is the zero potential
(see formula (3)). That is, the topological entropy at infinity is simply the critical
exponent at infinity of the zero potential. It follows from the discussion right after
Definition 2.15 that δ8 is independent of W .
Remark 4.10. Shortly after a first draft of this paper was finished, B. Schapira
told us that in a joint work with S. Tapie [ST] they have also defined the topological
entropy at infinity. The critical gap δ8 ă htoppgq, has important consequence in
the study of the regularity of the topological entropy under C1 perturbations of the
metric (see [ST]).
It follows from Lemma 4.8 that the topological entropy at infinity defined in
Theorem 4.2 is at most the topological entropy at infinity of the geodesic flow. As
an application of Theorem 4.2 and the discussion above we obtain one of the main
results of this paper
Theorem 4.11. Let pM, gq be a pinched negatively curved manifold. Let pµnqn be
a sequence of invariant probability measures converging to µ in the vague topology.
Then
lim sup
nÑ8
hµnpgq ď |µ|hµ{|µ|pgq ` p1´ |µ|qδ8.
If the sequence converges vaguely to zero, then the right hand side is understood as
δ8.
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In Theorem 4.17 we will prove that Theorem 4.11 is sharp, in particular the
topological entropy at infinity of the geodesic flow coincides with the one defined
at the beginning of this section (which comes from Section 4.1).
It worth mentioning that if M is geometrically finite, then
δ8 “ max
P
δP ,
where the maximum runs over the parabolic subgroups of π1pMq. This follows from
the structure of the ends of Ω when M is geometrically finite, and the convexity of
the horoballs. In particular we recover one of the main results of [RV].
The following definition was coined in [ST], and fits perfectly within the analogy
between the geodesic flow and countable Markov shifts.
Definition 4.12 (Strongly positive recurrent manifolds). We say a pinched nega-
tively curved manifold M is strongly positive recurrent (SPR for short) if
δ8 ă htoppgq.
Among the consequences of Theorem 4.11 we get that SPR manifolds have a
measure of maximal entropy (see Theorem 5.1). This definition should also be
compared with Definition 2.15, where an analogous critical gap condition is re-
quired.
We remark that every hyperbolic geometrically finite manifold is SPR. This
follows from the fact that in Hn every parabolic subgroup is of divergence type and
[DOP, Proposition 2].
A direct application of Theorem 4.11 is the upper semicontinuity of µ ÞÑ hµpgq,
and µ ÞÑ hµpgq `
ş
Fdµ (with respect to the weak* topology).
Theorem 4.13 (Upper semicontinuity of the entropy map). Let pM, gq be a pinched
negatively curved manifold. Let pµnqn be a sequence of invariant probability mea-
sures converging to µ in the weak* topology. Then
lim sup
nÑ8
hµnpgq ď hµpgq.
Theorem 4.14 (Upper semicontinuity of the pressure). Let pM, gq be a pinched
negatively curved manifold. Let pµnqn be a sequence of invariant probability mea-
sures converging to µ in the weak* topology and F P CbpT
1Mq. Then
lim sup
nÑ8
`
hµnpgq `
ż
Fdµn
˘
ď
`
hµpgq `
ż
Fdµ
˘
.
Remark 4.15. After the work of Newhouse [New] we know that on a compact
manifold the entropy map is upper semicontinuous if the dynamics is of class C8
(see also [Yom]). Later on, Buzzi [Bu1] refined Newhouse’s result and proved that
those dynamical systems are asymptotically h-expansive, which it is known to imply
the upper semicontinuity of the entropy map in the compact setting. We remark
that their methods use, in an essential way, the compactness of the manifold.
4.3. Variational principle for the entropy and pressure at infinity. The-
orem 4.11 indicates the importance of the topological entropy at infinity when
studying the regularity of the entropy map. We now recall its measure theoretic
counterpart and prove that these two a priori different notions of entropy at infinity
coincide.
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Definition 4.16 (Measure theoretic entropy at infinity). The measure theoretic
entropy at infinity of the geodesic flow is defined as
h8 “ sup
pµnq
lim sup
µnÑ0
hµnpgq,
where the supremum runs over sequences of invariant probability measures converg-
ing vaguely to the zero measure.
This invariant was first defined in the context of the geodesic flow in [IRV] and
proved to be equal to the topological entropy at infinity for the geodesic flow on
extended Schottky manifolds via symbolic methods. This result was later extended
to cover all geometrically finite manifolds in [RV]. In this paper we generalize those
results to any pinched negatively curved manifold. We emphasize that h8 “ P8p0q
(see Definition 2.8).
Theorem 4.17 (Variational principle for the entropy at infinity). The topological
entropy at infinity is equal to the measure theoretic entropy at infinity. Equivalently,
δ8 “ h8.
For sake of generality we will prove some results for arbitrary potentials and
eventually restrict to the zero potential to prove Theorem 4.17. We start with the
following useful lemma.
Lemma 4.18. Let F P CbpT
1Mq be uniformly continuous and ϕ P C0pT
1Mq.
Then
P pF ` ϕq ě δFΓ,8.
Proof. It is enough to prove the result for F and ϕ Ho¨lder continuous (by C0
approximation we conclude the result for uniformly continuous potentials).
Let N be a Dirichlet fundamental domain of M in ĂM . Given ǫ ą 0, there exists
a compact subset K “ Kpǫq of M such that ϕpxq P r´ǫ, ǫs, for every x P T 1Kc.
Let Q “ Qpǫq be the subset of N corresponding to K. Let W be an open relatively
compact set intersecting rΩ and E its diameter. Set M “ ||ϕ||0.
Choose a reference point z P W . Let γ P ΓWQ pn,Dq. In this case there exists a
point xnγ P W such that gkpx
n
γ q P pT
1pΓQqqc, for k P rD,n´Ds and gupx
n
γ q P γW ,
for some u P pn ´ 1, ns. Observe that dpz, πpxnγ qq and dpγz, πpgupx
n
γ qqq are both
bounded above by E. In particular, by Lemma 2.17 there exist constantsN1, N2 ą 0
independents of γ (but depending on s, since those depend on the potential we are
using) such that
|
ż γz
z
p rF ` rϕ´ sq ´ ż πpgupxnγ qq
πpxnγ q
p rF ` rϕ´ sq| ď N1,
and that
|
ż γz
z
p rF ´ sq ´ ż πpgupxnγ qq
πpxnγ q
p rF ´ sq| ď N2.
By the definition of Q and its connection with ϕ it follows thatż πpgupxnγ qq
πpxnγ q
p rF ` rϕ´ sq ě ´Mp2D ` 1q ´ ǫpn´ 2Dq ` ż πpgupxnγ qq
πpxnγ q
p rF ´ sq.
SetM0 :“ ´Mp2D`1q`ǫ2Dq. From the triangle inequality we have that dpz, γzq P
rn´2E´1, n`2Es. In particular if τ P
Şk
i“1 Γ
W
Q pni, Dq, then dpz, τzq P
Şk
i“1rni´
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2E ´ 1, ni ` 2Es. We conclude that τ P Γ can belong to at most 4pE ` 1q different
sets from tΓWQ pm,Dqum. Combining all this we get
4pE ` 1q
ÿ
γPΓ
expp
ż γz
z
rF ` rϕ´ sq ě ÿ
ně2D
ÿ
γPΓWQ pn,Dq
expp
ż γz
z
rF ` rϕ´ sq
ě e´N1
ÿ
ně2D
ÿ
γPΓW
Q
pn,Dq
exp
` ż πpgupxnγ qq
πpxnγ q
p rF ` rϕ´ sq˘
ě e´N1`M0
ÿ
ně2D
e´ǫn
ÿ
γPΓWQ pn,Dq
exp
` ż πpgupxnγ qq
πpxnγ q
p rF ´ sq˘
ě e´N1`M0´N2
ÿ
ně2D
e´ǫn
ÿ
γPΓW
Q
pn,Dq
exp
` ż γz
z
p rF ´ sq˘.
ě e´N1`M0´N2`2ǫ´tpsqp2E`1qsq
ÿ
ně2D
e´nps`ǫq
ÿ
γPΓWQ pn,Dq
exp
` ż γz
z
rF ˘,
where tpsq is the sign of s. Summarizing we obtained thatÿ
γPΓ
expp
ż γz
z
rF ` rϕ´ sq ě Rs ÿ
ně2D
e´nps`ǫq
ÿ
γPΓW
Q
pn,Dq
exp
` ż γz
z
rF ˘,(14)
for some constant Rs ą 0 that only depends on s.
Recall that by formula (3) we know that
δFΓ pW,Q,Dq “ lim sup
nÑ8
1
n
log
ÿ
γPΓWQ pn,Dq
exp
` ż γz
z
rF ˘.(15)
Define an :“
ř
γPΓW
Q
pn,Dq exp
` şγz
z
rF ˘, and Hptq :“ řně2 e´ntan. By equation (15)
we know that Hptq converges if t ą δF
Γ
pQ,W,Dq and diverges if t ă δF
Γ
pQ,W,Dq.
With this notation we can rewrite (14) intoÿ
γPΓ
expp
ż γz
z
rF ` rϕ´ sq ě RsHps` ǫq,(16)
Taking s “ δF
Γ
pQ,W,Dq ´ 2ǫ, we get the divergence of the right hand side in (16).
This implies that P pF ` ϕq ě δF
Γ
pQ,W,Dq ´ 2ǫ, and therefore
P pF ` ϕq ě sup
D
δFΓ pQ,W,Dq ´ 2ǫ.
Taking an increasing sequence pQkqk whereQ0 “ Q and such that psupD δ
F
8pQk,W,Dqqk
converges to δF
Γ,8, we obtain P pF ` ϕq ě δ
F
Γ,8 ´ 2ǫ. Since ǫ ą 0 was arbitrary we
are done.

Our next result gives a formula for the measure theoretic pressure at infinity (see
Definition 2.8) in terms of the topological pressure.
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Theorem 4.19. Let F P CbpT
1Mq be a uniformly continuous potential and ϕ P
C0pT
1Mq a strictly positive function. Then
P8pF q “ lim
tÑ8
P pF ´ tϕq ě δF8,Γ
Proof. Define Gptq :“ P pF ´ tϕq. Observe that G is a non-decreasing function
bounded below by δF
Γ,8 (see Lemma 4.18), therefore the limit A :“ limtÑ8Gptq is
well defined. It also follows from Lemma 4.18 that A ě δF
Γ,8.
We will first prove that A ě P8pF q. Let pνnqn ĂMpgq be a sequence converging
vaguely to the zero measure and such that
lim
nÑ8
`
hνnpgq `
ż
Fdνn
˘
“ P8pF q.
By the definition of the topological pressure we know that
hνnpgq `
ż
pF ´ tϕqdνn ď P pF ´ tϕq,
for every n. Note that limnÑ8
`
hνnpgq `
ş
pF ´ tϕqdνn
˘
“ P8pF q, for every t P R.
It follows that P8pF q ď P pF ´ tϕq, and therefore P8pF q ď A.
We will now prove that A ď P8pF q. Let µn PMpgq be a measure such that
hµnpgq `
ż
pF ´ nϕqdµn ě P pF ´ nϕq ´
1
n
.(17)
We claim that the sequence pµnqn converges vaguely to the zero measure. If not we
would have lim supnÑ8
ş
ϕdµn ě c, for some c ą 0. Since P pF ´ nϕq ě δ
F
Γ,8, this
assumption contradicts inequality (17). We conclude that pµnqn converges vaguely
to the zero measure. By sending nÑ8 in (17) we get
P8pF q ě lim sup
nÑ8
`
hµnpgq `
ż
Fdµn
˘
ě lim sup
nÑ8
`
hµnpgq `
ż
pF ´ nϕqdµn
˘
ě A.
We conclude that P8pF q ě A. 
Proof of Theorem 4.17. In light of Theorem 4.19 it is enough to prove that
P8p0q “ h8 ď δ8 “ δ
0
Γ,8.
By Theorem 4.11 we know that any sequence pµnqn ĂMpgq converging vaguely to
the zero measure satisfies
lim sup
nÑ8
hµnpgq ď δ8.
This readily implies that δ8 ď h8.

We except that the formula P8pF q “ δ
F
8,Γ holds in complete generality. This
would follow directly from Theorem 4.19 and Conjecture 5.5.
5. Applications to thermodynamic formalism
In this section we obtain several applications of Theorem 1.1 to the existence
and stability of equilibrium states. For a suitable class of potentials (see Definition
5.7) we will compute the first derivative of the pressure and show the continuity of
equilibrium states. We will also prove that SPR potentials in C0pT
1Mq form an
open and dense subset.
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5.1. Existence and stability of measure of maximal entropy. We start with
a criterion for the existence of measures of maximal entropy. This result was also
obtained in [ST] by different methods.
Theorem 5.1 (Criterion for existence of the measure of maximal entropy). Let
pM, gq be a pinched negatively curved manifold. Assume that M is SPR, that is
δ8 ă htoppgq. Then the geodesic flow on M admits a measure of maximal entropy.
Proof. Let pµnqn be a sequence of invariant probability measures such that
hµnpgq ą htoppgq ´
1
n
.
Recall that Mď1pgq is compact with respect to the vague topology. We will assume
that pµnqn converges in the vague topology (otherwise take a subsequence). Let µ
be the vague limit of the sequence. By Theorem 1.1 we have that
htoppgq “ lim sup
nÑ8
hµnpgq ď |µ|hµ{|µ|pgq ` p1´ |µ|qδ8
ď |µ|htoppgq ` p1 ´ |µ|qδ8.
Assume for a second that µ is not a probability measure, then we get
|µ|htoppgq ` p1´ |µ|qδ8 ă htoppgq,
which leads to a contradiction. We conclude that µ is a probability measure. By
Theorem 4.13 we obtain that
htoppgq “ lim sup
nÑ8
hµnpgq ď hµpgq,
which proves the statement. 
We remark that by [OP] the measure of maximal entropy is unique (see Theorem
2.10). The same argument used in the proof of Theorem 5.1 gives us a slightly more
general result.
Theorem 5.2. Let pM, gq be a pinched negatively curved manifold. Let pµnqn be a
sequence of invariant probability measures such that
lim
nÑ8
hµnpgq “ htoppgq.
Then the following statements hold.
(1) Suppose that M is SPR. Then pµnqn converges in the weak* topology to the
measure of maximal entropy.
(2) Suppose that the geodesic flow on M does not admit a measure of maximal
entropy. Then pµnqn converges vaguely to zero. In this case we have δ8 “
htoppgq.
(3) Suppose that the geodesic flow on M admits a measure of maximal entropy.
Then the accumulation points of pµnqn lies in the set ttµmax : t P r0, 1su,
where µmax is the measure of maximal entropy.
Proof. Part (1) follows directly from the proof of Theorem 5.2. We will now justify
part (2) and (3). Let µ be a vague limit of pµnqn. Theorem 1.1 gives us that
htoppgq ď |µ|hµ{|µ|pgq ` p1´ |µ|qδ8.
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Observe that δ8 ď htoppgq. This implies that |µ|hµ{|µ|pgq ` p1 ´ |µ|qδ8 ď htoppgq.
Combining these inequalities we obtain that
htoppgq “ |µ|hµ{|µ|pgq ` p1´ |µ|qδ8.(18)
Assume for a second that the geodesic flow has not measure of maximal entropy,
and that µ is not the zero measure. In this case we have hµ{|µ|pgq ă htoppgq,
which contradicts equation (18). This proves part (2). If there exists a measure
of maximal entropy and µ is not the zero measure, then by (18) we conclude that
µ{|µ| is the measure of maximal entropy. This proves part (3). 
Theorem 5.3 (Characterization of SPR manifolds). pM, gq is SPR if and only if
for every sequence pµnq Ă Mpgq satisfying limnÑ8 hµnpgq “ htoppgq we have that
pµnqn does not converge to the zero measure.
Proof. Suppose that pM, gq is not SPR, that is htoppgq “ δ8. The variational
principle at infinity implies the existence of a sequence pµnqn Ă Mpgq converging
vaguely to the zero measure such that limnÑ8 hµnpgq “ htoppgq. This proves one
implication of the characterization, for the other direction simply use Theorem
5.2(1). 
5.2. Existence and stability of equilibrium states. We will now obtain similar
results to Theorem 5.1–5.3 in connection to the pressure of continuous potentials.
Recall that cpF q was introduced in Definition 2.22. Our next result is the basic
tool to obtain the existence of equilibrium states.
Theorem 5.4. Let pM, gq be a pinched negatively curved manifold. Let pµnqn
be a sequence of invariant probability measures converging vaguely to µ and F P
CbpT
1Mq. Then
lim sup
nÑ8
ˆ
hµnpgq `
ż
Fdµn
˙
ď |µ|
ˆ
hµ{|µ|pgq `
ż
Fdµ{|µ|
˙
` p1´ |µ|qpδ8 ` cpF qq.
Proof. This result follows directly from combining Theorem 1.1 and Lemma 2.23.

Unfortunately the constant δ8 ` cpF q is not necessarily sharp. In fact we have
the following conjecture.
Conjecture 5.5. Let pM, gq be a pinched negatively curved manifold. Let pµnqn
be a sequence of invariant probability measures converging vaguely to µ and F P
CbpT
1Mq a uniformly continuous potential. Then
lim sup
nÑ8
ˆ
hµnpgq `
ż
Fdµn
˙
ď |µ|
ˆ
hµ{|µ|pgq `
ż
Fdµ{|µ|
˙
` p1 ´ |µ|qδFΓ,8.
As mentioned right above Theorem 4.19, Conjecture 5.5 implies that for every
uniformly continous potential F P CbpT
1Mq we have that P8pF q “ δ
F
Γ,8.
In Section 2.5 we introduced the space of potentials that converges to D at
infinity, which we denoted by CpT 1M,Dq. Recall that the space H is defined as
H “
ď
EPR
CpT 1M,Eq.
Lemma 5.6. Let F P CpT 1M,Eq. Then δF
Γ,8 “ δ8 ` E.
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Proof. Choose a compact set Q Ă T 1ĂM such that |F pxq ´ E| ă ǫ, for every
x P ppQq. In particular | rF pxq ´ E| ă ǫ, for every x P Q. Let W be an open
relatively compact subset of T 1ĂM intersecting rΩ. Observe that the Poincare´ series
P pF,Q,W,D, sq can be bounded below by
ř
γPΓW
Q
pDq expp´ps´E`ǫqdpx, γxqq, and
above by
ř
γPΓW
Q
pDq expp´ps´E´ǫqdpx, γxqq (up to multiplicative constants). From
this we can conclude that |δF
Γ
pQ,W,Dq ´ pδ8 ` Eq| ă 2ǫ. Since this computation
works for every Q1 satisfying Q Ă Q1, we obtain
|δFΓ,8 ´ pδ8 ` Eq| ă 2ǫ.
Since ǫ ą 0 was arbitrary we conclude that δF
Γ,8 “ δ8 ` E.

If F P CpT 1M,Eq, then cpF q “ E. Lemma 5.6 implies that if F P H, then
δFΓ,8 “ δ8 ` cpF q.
Using Theorem 5.4 we conclude that Conjecture 5.5 holds for potentials in H. We
also observe that F P H is SPR if and only if P pF q ą δ8 ` cpF q.
Definition 5.7. We say that a uniformly continuous potential F P CbpT
1Mq be-
longs to the class E if
P pF q ą δ8 ` cpF q.
Theorem 5.4 and the strategy of the proof of Theorem 5.1 give us the following
criterion for the existence of equilibrium states.
Theorem 5.8 (Criterion for the existence of equilibrium states). Let pM, gq be a
pinched negatively curved manifold. Then every potential in E admits at least one
equilibrium state.
An immediate consequence of Theorem 5.8 is that if F P H is SPR, then F admits
an equilibrium state. Another consequence of Theorem 5.8 is that potentials with
small oscillation admit an equilibrium state. A weaker result (replacing cpF q with
supF ) was obtained in [IRV, Theorem 6.11] for Schottky manifolds and Ho¨lder
potentials using symbolic methods.
Corollary 5.9. Let F P CbpT
1Mq such that
cpF q ´ inf
x
F pxq ă htoppgq ´ δ8.
Then F admits an equilibrium state.
Proof. Since infx F pxq ď cpF q, we obtain that δ8 ă htoppgq. Theorem 5.1 implies
that the geodesic flow has a measure of maximal entropy. Denote by µ the measure
of maximal entropy. Then
P pF q ě hµpgq `
ż
Fdµ ě htoppgq ` inf
x
F pxq ą cpF q ` δ8.
Theorem 5.8 implies that F has an equilibrium state. 
Our next result is the equivalent of Theorem 5.2 for potentials in H and its proof
is identical to the one of Theorem 5.2. We remark that P pF q ě δF
Γ,8; this is an
important observation in order to prove Theorem 5.10 (this is the equivalent to
inequality htoppgq ě δ8).
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Theorem 5.10. Let F P H and pµnqn be a sequence of invariant probability mea-
sures such that
lim
nÑ8
`
hµnpgq `
ż
Fdµn
˘
“ P pF q.
Then the following statements hold
(1) If F is SPR, then every convergent (in the vague topology) subsequence
of pµnqn converges in the weak* topology to an equilibrium state of F . If
F is Ho¨lder continuous then pµnqn converges in the weak* topology to the
(unique) equilibrium state of F .
(2) Suppose that F does not admit any equilibrium state. Then pµnqn converges
vaguely to zero. In this case we have P pF q “ P8pF q.
(3) Suppose that F does admit an equilibrium state. Then the accumulation
points of pµnqnPN lies in the set
ttµ : t P r0, 1s and µ is an equilibrium state of F u.
As in Theorem 5.3 this result gives a characterization of SPR potentials in H.
Our next result follows directly from the proof of Theorem 5.1 (when using Theorem
5.4 instead of Theorem 4.11) and it is an essential ingredient in order to prove
Theorem 5.12 and Theorem 5.13.
Theorem 5.11. Let F P E and pµnqn be a sequence of invariant probability mea-
sures such that
lim
nÑ8
`
hµnpgq `
ż
Fdµn
˘
“ P pF q.
Then pµnqn converges to an equilibrium state of F .
We emphasize that in the results presented above we require no higher regularity
on F than uniform continuity. In particular the theory developed in [PPS] does
not apply. A big difference with respect to more regular potentials is the lack of
uniqueness of equilibrium states for continuous potentials. It can be proven that we
can slightly C0-perturb any potential F P CbpT
1Mq into a potential with uncount-
ably many equilibrium states. A crucial ingredient for that result is Theorem 4.13,
which allows us to identify subderivatives of the pressure at F to its equilibrium
states. This follows from the work of Israel [Isr] and will be explained in details
somewhere else. The next result was proven in [Ve1, Theorem 10] for geometrically
finite manifolds and potentials in C0pT
1Mq.
Theorem 5.12 (First derivative of the pressure). Let F be a Ho¨lder continuous
potential in E. For every G P CbpT
1Mq the following holds:
d
dt |t“0
P pF ` tGq “
ż
GdµF ,
where µF is the equilibrium state of F .
Proof. The proof of this result is identical to the one of [Ve1, Theorem 10]. 
Using Theorem 5.11 we can prove the continuity of a family of equilibrium states
for potentials in E .
Theorem 5.13 (Continuity of equilibrium states). Let F and G be Ho¨lder poten-
tials. Assume that for t P p´ǫ, ǫq, we have that pF ` tGq P E. Denote by µt to
the equilibrium state of F ` tG. Then the map t ÞÑ µt, is continuous in the weak*
topology.
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We remark that µt exists by Theorem 5.11 and that it is well defined (unique
equilibrium state) because F`tG is Ho¨lder continuous. Observe that the hypothesis
P pHq ą δ8`cpHq is an open condition in CbpT
1Mq. In other words E Ă CbpT
1Mq
is an open subset. In particular if F P E and G P CbpT
1Mq, then there exists ǫ ą 0
such that for every t P p´ǫ, ǫq we have that F ` tG P E .
Proof. We now claim that pµtqt converges in the weak* topology to µ0 as t goes to
zero. Notice that
lim
tÑ0
`
hµtpgq `
ż
Fdµt
˘
“ lim
tÑ0
`
hµtpgq `
ż
pF ` tGqdµt
˘
“ lim
tÑ0
P pF ` tGq “ P pF q.
Since F is Ho¨lder we know that µ0 is the unique equilibrium state of F . We now
use Theorem 5.11 to conclude that pµtqt converges to µ0 in the weak* topology.
The same argument can be done replacing 0 with a point t0 P p´ǫ, ǫq. We conclude
that the map t ÞÑ µt is continuous in the weak* topology. 
5.3. Strongly positive recurrent potentials in C0pT
1Mq. In this section we
will prove that SPR potentials are open and dense in C0pT
1Mq. The same holds for
potentials inH, but for simplicity we restrict our attention to potentials that vanish
at infinity. This fact should be compared with what is known for SPR potentials
in countable Markov shifts [CSa]. Recall that a potential F P C0pT
1Mq is strongly
positive recurrent if P pF q ą δ8. The family of SPR potentials in C0pT
1Mq will be
denoted by S.
Lemma 5.14. S is an open subset of C0pT
1Mq.
Proof. Let F P S and define r “ P pF q ´ δ8. Observe that if ||G ´ F ||0 ă r, then
P pGq ą P pF q ´ r “ δ8. 
Lemma 5.15. S is dense in C0pT
1Mq.
Proof. Let F P C0pT
1Mq, we will prove that we can approximate F by SPR po-
tentials. If F P S there is nothing to prove. We will assume that F is not strongly
positive recurrent, in other words, that P pF q “ δ8. By Theorem 3.7 we know that
the pressure of F can be approximated by the pressure over compact subsets. In
particular, given ǫ ą 0, there exists a compact invariant subset K and a measure µ
supported on K such that
hµpgq `
ż
Fdµ ą P pF q ´
ǫ
2
.
Choose a compactly supported continuous function G such that Gpxq “ ǫ, for every
x P K, and ||G||0 “ ǫ. Observe that
hµpgq `
ż
pF `Gqdµ “ ǫ` hµpgq `
ż
Fdµ ě P pF q `
ǫ
2
ą δ8.
In particular we obtain that H “ pF `Gq P C0pT
1Mq is strongly positive recurrent
and ||H´F ||0 ď ǫ. Since ǫ was arbitrary we obtain that S is dense in C0pT
1Mq. 
Combining Lemma 5.14 and Lemma 5.15 we obtain the following result.
Theorem 5.16. The space of SPR potentials S is open and dense in C0pT
1Mq.
It worth mentioning that if Conjecture 5.5 holds, then the results in this section
automatically apply to the entire family of SPR potentials, and not simply to those
in C0pT
1Mq, or H.
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6. An equidistribution result
In this section we will obtain a large deviation estimate (see Proposition 6.9)
and use that to prove Theorem 1.4 and Theorem 1.5.
This section is motivated by the work of Pollicott [Pol] and Kifer [Kif]; we will
check that their strategy extends to the non-compact case when suitable assump-
tions are satisfied. We will focus on large deviations upper bounds. We emphasize
that large deviations lower bounds are more delicate and stronger assumptions on
our potential and manifold would need to be imposed (for a detailed discusion we
refer the reader to [Ve2, Chapter 8]).
Let us first introduce some notation. The length of a periodic orbit of the geo-
desic flow γ is denoted by lpγq. The periodic orbit γ induces an invariant probability
measure µγ PMpgq; this is simply a normalization of the one dimensional Lebesgue
measure on γ. We say that µγ is a periodic measure. Let Mp be the set of periodic
measures in Mpgq. Define
Mpptq “ tµγ : γ a periodic orbit such that lpγq ď tu,
and
MppW, tq “ tµγ : γ a periodic orbit such that lpγq ď t and µγpW q ą 0u.
In this section the equilibrium state of a potential F (if exists) will be denoted
by µF . This is simply µF “ mF {|mF |, where mF is the Gibbs measure of F (see
Section 2.4).
The Gurevich pressure of a Ho¨lder potential F such that P pF q ą 0 is defined as
PGurpF q “ lim
tÑ8
1
t
log
ÿ
gPMppW,tq
expplpgq
ż
Fdgq,
whereW is a relatively compact open subset of T 1M intersecting the non-wandering
set of the geodesic flow. We emphasize that the initial definition of the Gurevich
pressure in [PPS] differs from the one presented here; it is proved in [PPS, Theorem
4.7] that both notions coincide. We also emphasize that the Gurevich pressure can
be defined for potentials that do not satisfy P pF q ą 0, but we will not deal with
that situation here. Note that we are only counting primitive periodic orbits, this
definition and the one using all closed geodesics coincide (see [PPS, Remark 9.13]).
It is known that
PGurpF q “ P pF q,
for every Ho¨lder potential (see [PPS, Theorem 1.1]). We will summarize all this
information in the following result.
Theorem 6.1. Let W be a relatively compact open subset of T 1M intersecting the
non-wandering set of the geodesic flow. Then
P pF q “ PGurpF q “ lim
tÑ8
1
t
log
ÿ
µγPMppW,tq
expplpγq
ż
Fdµγq,
for every Ho¨lder potential F such that P pF q ą 0.
The following simple lemma will be used later.
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Lemma 6.2. Let F P CbpT
1Mq be uniformly continuous and such that P pF q ą 0.
Then
lim sup
tÑ8
1
t
log
ÿ
µγPMppW,tq
expplpγq
ż
Fdµγq ď P pF q.
Proof. Since F P CbpT
1Mq is uniformly continuous, for every ǫ ą 0 there exists a
Ho¨lder potential Fǫ such that ||F ´ Fǫ||0 ă ǫ. We consider ǫ ą 0 sufficiently small
such that P pFǫq ą 0. Note thatÿ
µγPMppW,tq
expplpγq
ż
Fdµγq ď
ÿ
µγPMppW,tq
exppǫlpγqq expplpγq
ż
Fǫdµγq
ď exppǫtq
ÿ
µγPMppW,tq
expplpγq
ż
Fǫdµγq.
Therefore
lim sup
tÑ8
1
t
log
ÿ
µγPMppW,tq
expplpγq
ż
Fdµγq ď ǫ` P pFǫq.
Here we used Theorem 6.1 for Fǫ. Finally observe that ǫ`P pFǫq ď 2ǫ`P pF q, but
ǫ was an arbitrary sufficiently small positive number. 
Definition 6.3 (G-pressure). Given G P C0pT
1Mq we define QG : C0pT
1Mq Ñ R,
by the formula
QGpfq “ P pG` fq ´ P pGq.
Definition 6.4 (Rate function). Given µ PMď1pgq we define
IGpµq “ sup
fPC0pT 1Mq
 ż
fdµ´QGpfq
(
.
Observe that by definition (take f “ 0) we know IGpµq ě 0. If the choice of
function G is clear we will use the notation Q (resp. I) instead of QG (resp. IG).
Definitions 6.3 and 6.4 are the starting point of our analysis (in the compact
case they were introduced in [Pol]). We remark that in the non-compact case the
choice of domain for the G-pressure and the rate function might not be canoni-
cal. For convenience we defined the rate function in the space of sub-probability
measures Mď1pgq; once this decision is made the domain of QG must be contained
in C0pT
1Mq (to ensure duality). One good reason to justify this choice is that in
Proposition 6.9 we want to consider arbitrary closed subsets, instead of compact
subsets (by a standard Contraction Principle we could bypassed this issue if the
sequence pMppW, tqqt is exponentially tight, but we prefer not to use this approach,
see [DZ, Theorem 4.2.1]).
Lemma 6.5. The fuction IG is lower semicontinuous.
Proof. We want to prove that the set I´1G ppt,8sq is open. Pick a measure µ P
Mď1pgq such that IGpµq ą t. This implies that there exists f P C0pT
1Mq such
that
ş
fdµ ´ QGpfq ą t. By the definition of the vague topology the map µ ÞÑş
fdµ´QGpfq, is continuous. In particular the inequality
ş
fdν´QGpfq ą t, holds
for measures ν in a neighorhood of µ. This implies that IGpνq ą t, for every ν in
this neighborhood. 
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The following proposition follows from the upper semicontinuity of the entropy
map (see Theorem 4.13) and the proof of [Wal, Theorem 9.12] after some mild
modifications.
Proposition 6.6. For every µ PMpgq the following formula holds
hµpgq “ inf
fPCcpT 1Mq
 
P pfq ´
ż
fdµ
(
.
Remark 6.7. Observe that by definition of the topological pressure we have hµpgq`ş
fdµ ď P pfq. In particular
hµpgq ď inf
fPC0pT 1Mq
 
P pfq ´
ż
fdµ
(
.
Proposition 6.6 gives the lower bound hµpgq ě inffPCcpT 1Mq
 
P pfq ´
ş
fdµ
(
. In
particular hµpgq ě inffPC0pT 1Mq
 
P pfq ´
ş
fdµ
(
. We conclude that the formula in
Proposition 6.6 holds when replacing CcpT
1Mq by C0pT
1Mq.
The following lemma was taken from [Pol]. For completeness we provide a proof.
Lemma 6.8. Let G P C0pT
1Mq. Then for every µ P Mpgq the following formula
holds
IGpµq “ P pGq ´ phµpgq `
ż
Gdµq.
Proof. Observe that
IGpµq “ sup
fPC0pT 1Mq
 ż
pG` fqdµ´ P pG` fq
(
` P pGq ´
ż
Gdµ
“´ inf
fPC0pT 1Mq
 
P pG` fq ´
ż
pG` fqdµ
(
` P pGq ´
ż
Gdµ
“´ inf
gPC0pT 1Mq
 
P pgq ´
ż
gdµ
(
` P pGq ´
ż
Gdµ
“P pGq ´ phµpgq `
ż
Gdµq.

6.1. Upper bound for closed sets. Our next result follows closely the proof of
[Pol, Theorem 1 (i)] (also see [Kif]). The main difference is that we work with sub-
probability measures and our formula for the Gurevich pressure only works when
P pF q ą 0. Let W be a relatively compact open subset of T 1M intersecting the
non-wandering set of the geodesic flow.
Proposition 6.9. Let G be a Ho¨lder potential in C0pT
1Mq such that P pGq ą 0.
Let K be a closed subset of Mď1pgq. Suppose there exists ν P K XMpgq such that
hνpgq `
ş
Gdν ě 0. Then we have
lim sup
tÑ8
1
t
log
ˆř
µτPMppW,tqXK
expplpτq
ş
Gdµτ qř
µτPMppW,tq
expplpτq
ş
Gdµτ q
˙
ď ´β,
where β “ infµPK IGpµq.
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We remark that the condition P pGq ą 0 and the assumption that K contains a
probability measure such that hνpgq `
ş
Gdν ě 0 can be removed if we sum over
sets of the form
MppW, t, t´ cq “ tµγ : γ periodic such that lpγq P rt´ c, ts and µγpW q ą 0u,
where c is sufficiently large (see [Ve2, Chapter 8]). The statement of Proposition
6.9 is enough for our purposes–we want to obtain an equidistribution result when
summing over MppW, tq, and not just MppW, t, t´ cq.
Proof. From now on we will use the notation I “ IG, and Q “ QG. We remark
that since K Ă Mď1pgq is closed, it is immediately compact. For every ǫ ą 0 we
have
K Ă tµ PMď1pgq : Ipµq ą β ´ ǫu.
By the definition of Ipµq we have that
tµ PMď1pgq : Ipµq ą β ´ ǫu “
ď
fPC0pT 1Mq
tµ PMď1pgq :
ż
fdµ´Qpfq ą β ´ ǫu.
Define Vf “ tµ P Mď1pgq :
ş
fdµ ´ Qpfq ą β ´ ǫu, and observe that Vf is open
in the vague topology (since f P C0pT
1Mq). By the compactness of K we obtain a
finite subcover K Ă
ŤN
i“1 Vfi . Define Ufiptq “ Vfi XMppW, tq X K. We have the
following inequality
ř
µτPMppW,tqXK
expplpτq
ş
Gdµτ qř
µτPMppW,tq
expplpτq
ş
Gdµτ q
ď
Nÿ
i“1
ř
µτPUfi ptq
expplpτq
ş
Gdµτ qř
µτPMppW,tq
expplpτq
ş
Gdµτ q
“
Nÿ
i“1
ř
µτPUfi ptq
expplpτq
ş
pG` fiqdµτ qe
´lpτq
ş
fidµτř
µτPMppW,tq
expplpτq
ş
Gdµτ q
ď
Nÿ
i“1
ř
µτPUfi ptq
expplpτq
ş
pG` fiqdµτ qe
´lpτqpQpfiq`β´ǫqř
µτPMppW,tq
expplpτq
ş
Gdµτ q
.
Define Hi :“ G` fi ´ P pG` fiq ` ǫ. With this notation and the formula Qpfiq “
P pG` fiq ´ P pGq our last inequality becomes
ř
µτPMppW,tqXK
expplpτq
ş
Gdµτ qř
µτPMppW,tq
expplpτq
ş
Gdµτ q
ď
Nÿ
i“1
ř
µτPUfi ptq
expplpτq
ş
Hidµτ qe
lpτqpP pGq´βqř
µτPMppW,tq
expplpτq
ş
Gdµτ q
.
(19)
Observe that P pHiq “ ǫ ą 0, in particular Lemma 6.2 implies that
lim sup
tÑ8
1
t
log
ÿ
µτPUfi ptq
expplpτq
ż
Hidµτ q ď P pHiq “ ǫ.
Recall that lpγq ď t whenever µγ PMppW, tq. Moreover
P pGq ´ β “ P pGq ´ inf
µPK
Ipµq ě P pGq ´ Ipνq “ hνpgq `
ż
Gdν ě 0.
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Therefore
lim sup
tÑ8
1
t
log
ˆř
µτPUfi ptq
expplpτq
ş
Hidµτ qe
lpτqpP pGq´βqř
µτPMppW,tq
expplpτq
ş
Gdµτ q
˙
ď ǫ` pP pGq ´ βq ´ P pGq
“ ´β ` ǫ.
Here we used the fact that limtÑ8
1
t
log
ř
µτPMppW,tq
expplpτq
ş
Gdµτ q, is well de-
fined and equal to P pGq (see Theorem 6.1). Combining this with the inequalities
lim sup
tÑ8
1
t
log
` Nÿ
i“1
aiptq
˘
ď max
iPt1,..,Nu
lim sup
tÑ8
1
t
log aiptq,
and (19), we obtain that
lim sup
tÑ8
1
t
log
ˆř
µτPMppW,tqXK
expplpτq
ş
Gdµτ qř
µτPMppW,tq
expplpτq
ş
Gdµτ q
˙
ď ´β ` ǫ,
but ǫ ą 0 was arbitrary.

Our next lemma is the reason why we have to restrict to SPR potentials in
Theorem 1.4.
Lemma 6.10. Let H P C0pT
1Mq be a Ho¨lder SPR potential. Then the only
measure µ PMď1pgq satisfying the equation
IHpµq “ 0,
is the equilibrium state of H.
Proof. Recall that IHpµq ě 0, for every µ PMď1pgq. If IHpµq “ 0, we must haveż
fdµ´ P pH ` fq ` P pHq ď 0,
for every f P C0pT
1Mq. In particular we have t
ş
fdµ ď P pH`tfq´P pHq. Suppose
t ą 0, divide by t and take t Ñ 0. By Theorem 5.12 we obtain
ş
fdµ ď
ş
fdµH ,
where µH is the equilibrium state of H . Since f was an arbitrary function in
C0pT
1Mq we necessarily have µ “ µH . 
If we assume that H P C0pT
1Mq is not strongly positive recurrent, then
IHpµ0q “ sup
fPC0pT 1Mq
tP pHq ´ P pH ` fqu “ P pHq ´ inf
fPC0pT 1Mq
P pH ` fq,
where µ0 is the zero measure. By Theorem 4.19 for F “ 0 we know that
inf
fPC0pT 1Mq
P pH ` fq “ inf
gPC0pT 1Mq
P pgq “ δ8.
Since H is not strongly positive recurrent we get that IHpµ0q “ 0. In this case the
conclusion of Lemma 6.10 does not hold.
Remark 6.11. Let H P C0pT
1Mq be a Ho¨lder SPR potential. Observe that if
K Ă Mď1pgq is a closed set that does not contain the equilibrium state of H then
infµPK IGpµq ą 0. Argue by contradiction and assume that there exists pµnqn Ă K
such that limnÑ8 IGpµnq “ 0. By the compactness of K we can assume that pµnqn
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converges in the vague topology to some µ P K. Since IG is lower semicontinuous
we conclude that
0 “ lim inf
nÑ8
IGpµnq ě IGpµq.
Therefore IGpµq “ 0, which by Lemma 6.10 implies that K contains the equilibrium
state of G, a contradiction.
As before we assume that W is a relatively compact open subset of T 1M inter-
secting the non-wandering set of the geodesic flow. Define
mppW, tq “
ÿ
γPMppW,tq
expplpγq
ż
Fdµγq,
and
µppW, tq “
1
mppW, tq
ÿ
µγPMppW,tq
expplpγq
ż
Fdµγqµγ ,
whenever mppW, tq is positive. By definition µppW, tq is an invariant probability
measure. We first obtain the following equidistribution result which is a standard
application of a large deviation estimate like Proposition 6.9 (see [Pol]).
Theorem 6.12. Let F P C0pT
1Mq be a Ho¨lder SPR potential such that P pF q ą 0.
Then the sequence pµpptqqt converges to the equilibrium state µF of F in the weak*
topology.
Proof. Since pmppW, tqqt and µF are probability measures it is enough to prove that
for every H P C0pT
1Mq we have that
lim
tÑ8
ż
HdµppW, tq “
ż
HdµF ,
(see Theorem 2.1).
Fix H P C0pT
1Mq such that t
ş
Hdµ : µ P Mpgqu has more than one element
(otherwise there is nothing to prove). Choose η P Mpgq such that ǫ0 :“ |
ş
Hdη ´ş
HdµF | ą 0. By definition hµF pgq `
ş
FdµF “ P pF q ą 0. Choose t0 sufficiently
small such that η1 :“ t0η ` p1 ´ t0qµF satisfies hη1pgq `
ş
Fdη1 ą 0. Observe that
|
ş
Hdη1 ´
ş
HdµF | “ t0|
ş
Hdη ´
ş
HdµF | “ t0ǫ0 ą 0. This implies that the set
Kǫ :“ tµ PMď1pgq : |
ż
Hdµ´
ż
HdµF | ě ǫu,
contains a measure ν P Mpgq such that hνpgq `
ş
Fdν ą 0, provided ǫ P p0, t0ǫ0q.
Since H P C0pT
1Mq the set Kǫ is closed. Let
A “
ÿ
µγPMppW,tqXKǫ
elpγq
ş
Fdµγ
` ż
Hdµγ ´
ż
HdµF
˘
,
and
B “
ÿ
µγPMppW,tqXKcǫ
elpγq
ş
Fdµγ
` ż
Hdµγ ´
ż
HdµF
˘
.
Observe that A ď 2
ř
µγPMppW,tqXKǫ
elpγq
ş
Fdµγ ||H ||0, and B ď ǫmppW, tq. Then
|
ż
HdµppW, tq ´
ż
HdµF | ď
|A| ` |B|
mppW, tq
ď 2
ř
µγPMppW,tqXKǫ
elpγq
ş
Fdµγ
mppW, tq
` ǫ.
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For ǫ P p0, t0ǫ0q the set Kǫ satisfies all the hypotheses of Proposition 6.9. In partic-
ular we have that
lim sup
tÑ8
1
t
log
ˆř
µγPMppW,tqXKǫ
expplpγq
ş
Fdµγqř
µγPMppW,tq
expplpγq
ş
Fdµγq
˙
ď ´βǫ,
where βǫ :“ infµPKǫ IF pµq. Since µF does not belong to Kǫ we know that βǫ ą 0
(see Remark 6.11). In particular we obtain that
lim sup
tÑ8
|
ż
HdµppW, tq ´
ż
HdµF | ď ǫ.
Since ǫ was an arbitrary number in p0, t0ǫ0q, we conclude
lim
tÑ8
ż
HdµppW, tq “
ż
HdµF .

We will need an important equidistribution result obtained in [PPS, Theorem
9.11 (2)]. When M is convex-cocompact this result was obtained by Bowen [B2],
[B3],[B5] and generalized by Roblin [Rob, Theorem 5.1.1] when F “ 0. We remark
that in the notation of [PPS] the vague convergence (resp. weak* convergence)
is called weak* convergence (resp. vague convergence). In our language [PPS,
Theorem 9.11 (2)] becomes
Theorem 6.13. Let pM, gq be a pinched negatively curved manifold and assume
that the geodesic flow is topologically mixing. Let F P CbpT
1Mq be a Ho¨lder poten-
tial which admits an equilibrium state µF and such that P pF q ą 0. Then
P pF qte´P pF qt
ÿ
µγPMpptq
expplpγq
ż
Fdµγqµγ ,
converges in the vague topology to µF .
In the case of geometrically finite manifolds Theorem 6.13 can be upgraded to
conclude that the measures converges in the weak* topology. For compleness we
state such result, which was proven in [PPS, Theorem 9.16]. For F “ 0 this was
obtained by Roblin [Rob, Theorem 5.2].
Theorem 6.14. Suppose that pM, gq is geometrically finite. Let F P CbpT
1Mq be a
Ho¨lder potential with positive pressure which admits an equilibrium state µF . Then
P pF qte´P pF qt
ÿ
µγPMpptq
expplpγq
ż
Fdµγqµγ ,
converges in the weak* topology to µF . In particular the following holdsÿ
µγPMpptq
elpγq
ş
Fdµγ „
eP pF qt
P pF qt
.
The counting statement in Theorem 6.14 was first obtained in the compact case
(for F “ 0) by Margulis [Mar] and it is usually called the prime geodesic theorem
(see also [PP]). Our next result gives new information in case that M is not
geometrically finite. We believe the assumption F P C0pT
1Mq can be removed,
this would follow from an affirmative answer to Conjecture 5.5. The assumption
that F is SPR seems to be more substantial, but it could still be the case that it is
not really necessary (as in the geometrically finite case).
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Theorem 6.15. Let pM, gq be a pinched negatively curved manifold and assume
that the geodesic flow is topologically mixing. Let F P C0pT
1Mq be a Ho¨lder SPR
potential such that P pF q ą 0. Thenÿ
µγPMppW,tq
elpγq
ş
Fdµγ „
eP pF qt
P pF qt
,
for every open relatively compact subset W Ă T 1M such that W X Ω ‰ H.
Proof. Pick a point x PW XΩ and take a small ball U around x such that U ĂW .
Let H P CcpT
1Mq be a non-negative potential such that suppH Ă U and such that
Hpxq ą 0. Since the support of µF (and of every equilibrium state of a Ho¨lder
potential) is Ω we have that
ş
HdµF ą 0. For µ PMpgq we have
ş
Hdµ ‰ 0 only if
µpUq ą 0, in particularÿ
µγPMpptq
elpγq
ş
Fdµγ
ż
Hdµγ “
ÿ
µγPMppW,tq
elpγq
ş
Fdµγ
ż
Hdµγ .
By Theorem 6.13 we have that
lim
tÑ8
P pF qte´P pF qt
ÿ
µγPMpptq
elpγq
ş
Fdµγ
ż
Hdµγ “
ż
HdµF .
Therefore
lim
tÑ8
P pF qte´P pF qtmppW, tq
ˆ
1
mppW, tq
ÿ
µγPMppW,tq
elpγq
ş
Fdµγ
ż
Hdµγ
˙
“
ż
HdµF .
Now use Theorem 6.12 to conclude
lim
tÑ8
P pF qte´P pF qtmppW, tq
ż
HdµF “
ż
HdµF .
Since
ş
HdµF ą 0 we conclude that
lim
tÑ8
P pF qte´P pF qtmppW, tq “ 1,
as desired.

As a corollary of Theorem 6.15 we obtain a version of the prime geodesic theorem
for strongly positive recurrent manifolds.
Corollary 6.16. Let pM, gq be strongly positive recurrent and assume its geodesic
flow is topologically mixing. Then
#tγ primitive periodic orbit | lpγq ď t and γ XW ‰ Hu „
eδΓt
δΓt
,
for every open relatively compact subset W Ă T 1M such that W X Ω ‰ H.
It would be interesting to obtain error terms for this counting result. The class
of strongly positive recurrent manifolds is a natural generalization of hyperbolic
geometrically finite manifolds, where this problem has been successfully studied
(see [MMO, Theorem 1.2]). As in [MMO], this would follow from the exponential
decay of correlations of the measure of maximal entropy. The exponential decay of
correlations of the measure of maximal entropy was proven for geometrically finite
hyperbolic manifolds with sufficiently large critical exponent by A. Mohammadi
THERMODYNAMIC FORMALISM AND THE ENTROPY AT INFINITY OF THE GEODESIC FLOW51
and H. Oh in [MO]. Because of the similarities between the ergodic theory of
countable Markov shifts and the geodesic flow, we suspect the exponential decay
of correlations should hold for every SPR manifold (see [CSa])–this is certainly an
important open problem.
We finish with the construction of a SPR manifold with infinitely many geodesics
of the same length. This justifies that in the geometrically infinite setting–even
within the class of SPR manifolds–we can not remove the condition of counting
only geodesics that intersect a compact part of M .
Let Γ1 and Γ2 be two discrete torsion free subgroups of IsopĂMq. We say that
Γ1 and Γ2 are in Schottky position if there exist disjoint compact sets UΓ1 , UΓ2 ĂĂM Y B8ĂM , such that for every γ1 P Γ1ztidu and γ2 P Γ2ztidu, we have
γ1ppĂM Y B8ĂMqzUΓ1 Ă UΓ1 , and γ2ppĂM Y B8ĂMqzUΓ2q Ă UΓ2 .
The ping-pong lemma implies that the group generated by Γ1 and Γ2, say Γ “
xΓ1,Γ2y, is isomorphic to the free product Γ1 ˚ Γ2. The Klein-Maskit combination
theorem implies that the group Γ is discrete and torsion free; Γ is called the Schottky
combination of Γ1 and Γ2. We use the notation δΓi,8 to denote the topological
entropy at infinity of the geodesic flow on ĂM{Γi.
Example 6.17. Let M0 “ H
2{Γ0 be a closed hyperbolic surface, and ϕ : Γ0 Ñ Z
a surjective homeomorphism. The hyperbolic surface H2{Γ01, where Γ
0
1 “ kerϕ,
is a Z-cover of M0. We identify Γ
0
1 with a subgroup Γ1 of PSLp2,Cq and define
M1 “ H
3{Γ1. LetM2 “ H
3{Γ2 be a geometrically finite hyperbolic 3-manifold with
at least one rank 2 cusp and infinite volume. In this case the domain of discontinuity
of Γ2 is non-empty and it is possible to find a fundamental domain for the action
of Γ2 (on its domain of discontinuity) with non-empty interior. Maybe after a
conjugation of Γ2 we can assume that Γ1 and Γ2 are in Schottky position. Denote
by Γ ď PSLp2,Cq the Schottky combination of Γ1 and Γ2, and M “ H
3{Γ. In this
situation we can use [ST, Theorem 7.18], which says that δ8,Γ “ maxtδΓ1,8, δΓ2,8u.
It is proved in [RV] that δΓ2,8 “ maxP δP , where the maximum runs over the critical
exponent of the parabolic subgroups of Γ2. Since M2 has a rank 2 cusp, and the
critical exponent of a rank 2 cusp is 1, we conclude that δΓ2,8 “ 1. Since every
parabolic subgroup of PSLp2,Cq is of divergence type we can use [DOP, Proposition
2] to conclude that 1 “ δΓ2,8 ă δΓ2 . Observe that the critical exponent of Γ1 is
the same as the critical exponent of Γ01. Since Γ
0
1 is a normal subgroup of Γ0, and
Γ0 is cocompact, we get that δΓ0
1
“ δΓ0 “ 1. We conclude that δΓ1 “ 1 and that
δΓ1,8 ď 1. Finally, putting all this together we get that
δΓ,8 “ maxtδΓ1,8, δΓ2,8u “ 1 ă δΓ2 ď δΓ.
We conclude that M is a SPR hyperbolic 3-manifold. Since Γ1 ď Γ, it follows that
M has infinitely many geodesics of some length (the same that happens for H2{Γ01,
and therefore for H3{Γ1). It worth mentioning that π1pMq “ Γ is not finitely
generated.
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